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Milutin Blagojević1 Branislav Cvetković1,2
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I The AdS asymptotic structure of three-dimensional (3D)
Einstein’s gravity with a cosmological constant (GRΛ) is
described by two independent Virasoro algebras with
classical central charges.

I Of particular importance for our understanding of the
dynamics of 3D GRΛ is the fact that it can be represented
as an ordinary gauge theory—the SL(2,R)× SL(2,R)
Chern-Simons (CS) gauge theory.

I Topologically massive gravity with a cosmological constant,
denoted shortly as TMGΛ, is an extension GRΛ by a
gravitational CS term.

I While GRΛ is a topological theory, TMGΛ is a dynamical
theory with one propagating mode, the massive graviton.

I In the AdS sector, TMGΛ contains a maximally symmetric
vacuum solution, known as AdS3, and BTZ black hole.
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I The AdS sector of TMGΛ around AdS3 is not consistent, so
Anninos et al. proposed to choose a new vacuum, the
so-called spacelike streched AdS3.

I This choice reduces the SL(2,R)× SL(2,R) isometry
group of AdS3 to its subgroup U(1)× SL(2,R).

I An important step towards an understanding of the
spacelike stretched AdS asymptotic structure was showing
that the resulting asymptotic symmetry is centrally
extended semidirect sum of a Virasoro and a u(1)
Kac-Moody algebra, Virasoro⊕sd u(1)KM.

I We want to further improve our understanding of the
spacelike stretched AdS gravity by showing that its
asymptotic structure can be faithfully represented by an
SL(2,R)× U(1) CS gauge theory.
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The action and boundary conditions

I We consider the CS gauge theory defined by the action

ICS = −κ
∫
M

(
AidAi +

1
3
εijkAiAjAk

)
+ κ̄

∫
M

ĀdĀ , (2.1)

where manifoldM has the topology R×Σ, where R is time
and Σ is a spatial manifold (∂Σ is topologically a circle), Ai

and Ā are the SL(2,R) and U(1) gauge potentials.
I The action is invariant under the gauge transformations:

δ0Ai = ∇ui := dui + εi
jkAjuk , δ0Ā = dū .

I The asymptotic parameters in the spacelike stretched AdS
sector of TMGΛ are time independent, so we choose the
CS boundary conditions as

Ai
0 = 0 , Ā0 = ā0 at ∂Σ , (2.2)

since they imply ∂0ui = 0, ∂0ū = 0 at the boundary.
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The canonical generator, gauge conditions and asymptotic symmetries

I The canonical gauge generator is given by:

G =

∫
d2x

[
(∇0ui)πi

0 + uiHi

]
+

∫
d2x

[
(∂0ū)π̄0 + ūH̄

]
,

Hi := κε0αβFiαβ ≈ 0 , H := −κ̄ε0αβF̄αβ ≈ 0 ,

where (πi
0, π̄0) are canonical momenta corresponding to

Lagrangian variables (Ai
0, Ā0).

I The first set of the corresponding gauge conditions is
chosen in accordance with boundary conditions:

Ai
0 = 0 , Ā0 = ā0 . (2.3a)

I The second set of gauge conditions is defined by:

A1 = a1 , Ā1 = ā1 , (2.3b)

where a1 = ai
1Ti and ā1 are constant elements of the

corresponding Lie algebras.
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The canonical generator, gauge conditions and asymptotic symmetries

I The field equations imply:

A2 ≈ b−1Â2(ϕ)b , Ā2 ≈ Ā2(ϕ) . (2.4)

I With the adopted gauge conditions is not differentiable:

δG = −δΓL[u]− δΓR[ū] .

I We adopt the following boundary conditions for ui and ū:
ui = −θi − ξρAi

ρ and ū = −ξρĀρ (at the boundary),
which in conjunction with additional requirements:

Â1
2 = 0 , Â−2 = −2C , ā1 = 0 , (2.5)

lead to the following form of the surface term:

Γ[ξ] := ΓL[ξ] + ΓR[ξ] = −
∫

dϕξ0E −
∫

dϕξ2M ,

E = 2κ̄ā0Ā2 , M =ML + κ̄(Ā2)2 . (2.6)
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The canonical generator, gauge conditions and asymptotic symmetries

I The PB algebra of the improved canonical generators
expressed in terms of the the Fourier modes takes the
form of the semidirect sum Virasoro⊕sd u(1)KM:

i{Lm,Ln} = (m − n)Lm+n + 4πκm3δm,−n ,

i{Lm,Kn} = −nKm+n ,

i{Km,Km} = −4πκ̄ā2
0mδm,−n . (2.7)

I The gauge conditions in conjunction with the additional
requirements imply that the original set of 9 + 3 gauge
potentials is reduced to just two independent boundary
degrees of freedom, Â+

2(ϕ) and Ā2(ϕ).
I The basic content of our analysis is encoded in the form of

the surface term and the PB algebra of the asymptotic
generators and are to be compared to those found in the
asymptotic region of the spacelike stretched AdS gravity.
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Lagrangian and canonical generator

I The Lagrangian of TMGΛ is given by:

LTMG = 2abiRi −
Λ

3
εijkbibjbk + aµ−1LCS(ω) + λiTi , (3.1)

where ωi is the Lorentz connection and bi the orthonormal
coframe, R i and T i are curvature and torsion, LCS(ω) is the
CS Lagrangian for the connection, λi is the Lagrange
multiplier and a = 1/16πG.

I The improved canonical for the spacelike stretched AdS
gravity is given by:

G̃ = G + Γ , Γ := −
∫ 2π

0
dϕ
(
`TE1 + SM1

)
,

I The corresponding PB algebra takes the centrally
extended Virasoro⊕sd u(1)KM form with central charges
cV = (5ν2 + 3)`/[Gν(ν2 + 3)] and cK = (ν2 + 3)`/(Gν).
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Specific asymptotic conditions, new form of surface terms, boundary degrees of freedom

I We introduce a set of the specific (refined) asymptotic
conditions, compatible with the general asymptotic
structure.

I Neither the black hole solution nor the leading order
asymptotic parameters depend on time. Hence, we
introduce the following refined asymptotic conditions:

(bi
µ, ω

i
µ, λ

i
µ) and (ξµ, θi) are time independent . (3.2)

I Motivated again by the properties of the black hole solution
we adopt the following conditions:

ν

`
bi

0 + ωi
0 = 0 ,

a
µ`2

(4ν2 − 3)bi
0 − λi

0 = 0 . (3.3)

I These conditions can be considered as the gauge
conditions that are compatible with the spacelike stretched
AdS asymptotics.
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Specific asymptotic conditions, new form of surface terms, boundary degrees of freedom

I The surface terms E1 andM1 can be written in a form:

E1 = −a[3(ν2 − 1)]3/2

3ν`
B̂2

0 , M1 =M+ +
12π`2

cK
(E1)2 ,

M+ : = −a
√

3(ν2 − 1)

2

(
ˆ̂B2

2

ν`
+

2
√
ν2 + 3
3`

B̂0
2

+
4
3

ˆ̂Ω2
2 +

1
a

ˆ̂Λ2
2 +

2
√
ν2 + 3
3ν

ˆ̂Ω0
2

)
. (3.4)

I The first/second order sub-leading terms in the asymptotic
expansion of the fields are denoted by single/double hats.

I One can prove that in the spacelike stretched AdS sector
of TMGΛ, there are two independent boundary degrees of
freedom.
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Asymptotic structures of the spacelike stretched AdS
gravity and the SL(2,R)× U(1) CS gauge theory can be
identified by adopting a natural asymptotic correspondence
between their field variables and coupling constants.

I To prove the statement, we compare the asymptotic
canonical algebras and the corresponding surface terms:

4πκ̄ā2
0 ∼

cK

12
, 4πκ ∼ cV

12
, 2κ̄ā0Ā2 ∼ E1 , 2κCÂ+

2 ∼M+ .

I Under the adopted gauge and boundary conditions:

Ai
µ ∼ ωi

µ +
3ν

2(2ν +
√
ν2 + 3)

(
3 + 2ν

√
ν2 + 3

3`ν
bi
µ +

1
a
λi
µ

)
,

Āµ ∼
`

2κ̄ā0
bi

0

(
4a
3
ωiµ + λiµ −

a
3`

2ν2 + 3
ν

biµ

)
. (4.1)
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I To illustrate practical aspects of the correspondence
established above, we note that in thermodynamic
applications, one needs a finite and differentiable action.

I The improved actions ĨCS and ĨTMG are:

ĨCS = ICS + BCS , BCS := −κ̄ā0

∫
∂M

dtdϕĀ2 ,

ĨTMG = (ITMG)r + BTMG , BTMG = −1
2

∫
∂M

dtdϕE1 ,

I In view of the asymptotic correspondence, the CS
boundary term is seen to coincide with TMGΛ one:

BCS = BTMG , (4.2)

and the on-shell values of the improved actions are
identical giving a deeper insight into the correspondence of
the two theories.
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