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Introduction

The AdS asymptotic structure of three-dimensional (3D)
Einstein’s gravity with a cosmological constant (GRp) is
described by two independent Virasoro algebras with
classical central charges.

Of particular importance for our understanding of the
dynamics of 3D GR, is the fact that it can be represented
as an ordinary gauge theory—the SL(2, R) x SL(2, R)
Chern-Simons (CS) gauge theory.

Topologically massive gravity with a cosmological constant,
denoted shortly as TMGy, is an extension GR, by a
gravitational CS term.

While GR, is a topological theory, TMGy, is a dynamical
theory with one propagating mode, the massive graviton.
In the AdS sector, TMG, contains a maximally symmetric
vacuum solution, known as AdS3, and BTZ black hole.

Institute of Physics, Belgrade, Serbia



Introduction

The AdS sector of TMG, around AdSs is not consistent, so
Anninos et al. proposed to choose a new vacuum, the
so-called spacelike streched AdSs;.

This choice reduces the SL(2, R) x SL(2, R) isometry
group of AdSj3 to its subgroup U(1) x SL(2, R).

An important step towards an understanding of the
spacelike stretched AdS asymptotic structure was showing
that the resulting asymptotic symmetry is centrally
extended semidirect sum of a Virasoro and a u(1)
Kac-Moody algebra, Virasoro @gq u(1)km-

We want to further improve our understanding of the
spacelike stretched AdS gravity by showing that its
asymptotic structure can be faithfully represented by an
SL(2,R) x U(1) CS gauge theory.
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SL(2, R) x U(1) 0S gauge theory
The action and boundary conditions
» We consider the CS gauge theory defined by the action
les = — /M (Ao + %e,jkA"AfAk) +R /M AdA.  (2.1)

where manifold M has the topology R x ¥, where R is time
and X is a spatial manifold (9X is topologically a circle), A’
and A are the SL(2, R) and U(1) gauge potentials.

» The action is invariant under the gauge transformations:

SoA' = VU 1= du' + AUk, A =du.
» The asymptotic parameters in the spacelike stretched AdS

sector of TMG, are time independent, so we choose the
CS boundary conditions as

Aio =0, /z\o = éo at 82, (22)
since they imply dpu’ = 0, 9yt = 0 at the boundary.
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SL(2, R) x U(1) CS gauge theory
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The canonical generator, gauge conditions and asymptotic symmetries
» The canonical gauge generator is given by:
G= / ox [(Vou')r + u'H;| + / o [(aom)7° + U] |
H; = rwe®PFi~0, H = —re"PF53~0,

where (7,%, 7°) are canonical momenta corresponding to
Lagrangian variables (Aly, Ag).

» The first set of the corresponding gauge conditions is
chosen in accordance with boundary conditions:

Aio =0, /_40 =ap. (233.)
» The second set of gauge conditions is defined by:
Ar=a;, A=2a, (2.3b)

where a; = aQ T; and a; are constant elements of the
corresponding Lie algebras.
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The canonical generator, gauge conditions and asymptotic symmetries
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» The field equations imply:
Ap = b Ap(p)b,  Apm Ao(p). (2.4)
» With the adopted gauge conditions is not differentiable:
0G = =6 [u] — ol R[] .

» We adopt the following boundary conditions for u' and U:
By =-0"-¢PA ,and U= —¢£A, (at the boundary),
which in conjunction with additional requirements:

Alz=0, A,p,=-2C, a=0, (25
lead to the following form of the surface term:
rle) = Tulé] + o) = - [ dele — [ di?at,
£ =2rapA, M= M+ r(A)?. (2.6)
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SL(2, R) x U(1) CS gauge theory
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The canonical generator, gauge conditions and asymptotic symmetries

» The PB algebra of the improved canonical generators
expressed in terms of the the Fourier modes takes the
form of the semidirect sum Virasoro @ u(1)km:

I{Lm, Ln} = (m — n)l_m_l,_n + 47Tf§/m35m7_n 3
I{Lm7 Kn} - —nKm+n7
i{Km, Km} = —4TRE5MOm _p. (2.7)

» The gauge conditions in conjunction with the additional
requirements imply that the original set of 9 + 3 gauge
potentials is reduced to just two independent boundary
degrees of freedom, At () and A ().

» The basic content of our analysis is encoded in the form of
the surface term and the PB algebra of the asymptotic
generators and are to be compared to those found in the
asymptotic region of the spacelike stretched AdS gravity.

Institute of Physics, Belgrade, Serbia



Epacelike stretched AdS gravity
Lagrangian and canonical generator
» The Lagrangian of TMGy, is given by:
Ltmg = 2ab'R; — gg,,-kb’b/bk +ap Les(w) + N T, (3.1)

where ' is the Lorentz connection and b’ the orthonormal
coframe, R’ and T' are curvature and torsion, Lcs(w) is the
CS Lagrangian for the connection, )\’ is the Lagrange
multiplier and a = 1/167G.

» The improved canonical for the spacelike stretched AdS
gravity is given by:

2
G=G4T, r::—/ dp (¢T€" + M),
0

» The corresponding PB algebra takes the centrally
extended Virasoro @y u(1)km form with central charges
cy = (502 + 3)¢/[Gv(v? + 3)] and ¢k = (v? + 3)¢/(Gv).
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Spacelike stretched AdS gravity
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Specific asymptotic conditions, new form of surface terms, boundary degrees of freedom

» We introduce a set of the specific (refined) asymptotic
conditions, compatible with the general asymptotic
structure.

» Neither the black hole solution nor the leading order
asymptotic parameters depend on time. Hence, we
introduce the following refined asymptotic conditions:

(biu,wiu,)\iu) and (£#,0') are time independent. (3.2)

» Motivated again by the properties of the black hole solution
we adopt the following conditions:

,52(4”2 _3)blg—No=0. (3.3)

» These conditions can be considered as the gauge
conditions that are compatible with the spacelike stretched
AdS asymptotics.

%bio -l-wio =0,
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Specific asymptotic conditions, new form of surface terms, boundary degrees of freedom
:

» The surface terms £' and M can be written in a form:

1 _ _3[3(1/2—1)]3/2“2 1 g, 12T g0
£ = T B, Ml=MT+ (T,
Lo a/BR-1) (B 2Vi2+3 4y,
MEe = > ot B
+ gﬂz + = /12 2” > (3.4)

» The first/second order sub-leading terms in the asymptotic
expansion of the fields are denoted by single/double hats.
» One can prove that in the spacelike stretched AdS sector

of TMGy, there are two independent boundary degrees of
freedom.
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Asymptotic CS-TMGj, relation

® Asymptotic structures of the spacelike stretched AdS
gravity and the SL(2, R) x U(1) CS gauge theory can be
identified by adopting a natural asymptotic correspondence
between their field variables and coupling constants.

» To prove the statement, we compare the asymptotic
canonical algebras and the corresponding surface terms:

AnRER ~ 10—'; drcr ~ 12 , 2REpAp ~ €1, 2kCA*y ~ MY .
» Under the adopted gauge and boundary conditions:

m 3v <3+21/\/V2+3 o )

bl + 7)\/
2(2v + V12 + 3) 3lv Hog™

- ¢ i (4a a2’ +3
A,u ~ p— blo < w’/“’ + )\’N' V b/ﬂ) . (41)
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Asymptotic CS-TMGj, relation

» To illustrate practical aspects of the correspondence
established above, we note that in thermodynamic
applications, one needs a finite and differentiable action.

» The improved actions Ics and Frvg are:

Ies = les + Bcs Bcs :== —kap dtdpAs
oM

5 1
v = (hma): + Brve Brvc = 3 dtdp&t
oM

» In view of the asymptotic correspondence, the CS
boundary term is seen to coincide with TMG, one:

Bcs = Brvi » (4.2)

and the on-shell values of the improved actions are
identical giving a deeper insight into the correspondence of
the two theories.
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