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Motivation
Barnich-Compére Boundary Conditions

ds2 =Mdu2 + 2N du dϕ− 2 dr du + r2 dϕ2

[G. Barnich, G. Compére; 0610130]

Asymptotic Symmetries
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[Ln, Mm] = (n −m)Mn+m +
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GN

Max Riegler | Spectral Flow and Flat Space Holography in 3D



5

Motivation
Barnich-Compére Boundary Conditions

ds2 =Mdu2 + 2N du dϕ− 2 dr du + r2 dϕ2

[G. Barnich, G. Compére; 0610130]

Thermal Entropy

STh =
A0

H
4GN

=
π

2GN

L0√
M0
,

Max Riegler | Spectral Flow and Flat Space Holography in 3D



6

Motivation
New Flat Space Boundary Conditions

ds2 =M du2+2N du dϕ−2eα (dr + β dϕ) du+
[
e2αr 2 + β (2N −Mβ)

]
dϕ2

[S. Detournay, M. R; 1612.00278]

Max Riegler | Spectral Flow and Flat Space Holography in 3D



6

Motivation
New Flat Space Boundary Conditions

ds2 =M du2+2N du dϕ−2eα (dr + β dϕ) du+
[
e2αr 2 + β (2N −Mβ)

]
dϕ2

[S. Detournay, M. R; 1612.00278]

Asymptotic Symmetries

[Ln, Lm] = (n −m)Ln+m

[Ln, Mm] = (n −m)Mn+m +
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[Ln, Jm] = −mJn+m
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n δn+m,0

with cM = 3
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Motivation
New Flat Space Boundary Conditions

ds2 =M du2+2N du dϕ−2eα (dr + β dϕ) du+
[
e2αr 2 + β (2N −Mβ)

]
dϕ2

[S. Detournay, M. R; 1612.00278]

Thermal Entropy

STh =
A0

H

4GN
=

π

2GN

L0 + f (J, P, κP)√
M0 + g(J, P, κP)

,
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[Ln, Lm] = (n −m)Ln+m +
cL
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n3δn+m,0

[Ln, Mm] = (n −m)Mn+m +
cM

12
n3δn+m,0

[Ln, Jm] = −mJn+m
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[Mn, Jm] = −mPn+m
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κJ

2
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κP

2
nδn+m,0
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L̃n := Ln + uJn + vPn +
2uvκP + u2κJ

4
δn,0

M̃n := Mn + uPn +
u2

4
κPδn,0

J̃n := Jn +
uκJ + vκP

2
δn,0

P̃n := Pn +
u
2
κPδn,0
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Supersymmetry
N = 4 Extended Super-bms3

N = 4 Extended Super-bms3

...

[Ln, G±r ] = ( n
2 − r)G±n+r

[Ln, R±r ] = ( n
2 − r)R±n+r

[Mn, G±r ] = ( n
2 − r)R±n+r

[Jn, G±r ] = ±G±n+r

[Jn, R±r ] = ±R±n+r

[Pn, G±r ] = ±R±n+r

{G±r , G∓s } = 2Lr+s ± (r − s)Jr+s +
cL

3
(
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4
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cM

3
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L̃n := Ln + uJn + vPn +
2uvκP + u2κJ

4
δn+m,0

M̃n := Mn + uPn +
u2

4
κPδn,0

J̃n := Jn +
uκJ + vκP

2
δn,0

P̃n := Pn +
u
2
κPδn,0

G̃±r = G±r±u+?(v)

R̃±r = R±r±u+?(v)

Max Riegler | Spectral Flow and Flat Space Holography in 3D



8

Supersymmetry
N = 4 Extended Super-bms3

Spectral Flow

L̃n := Ln + uJn +
u2κJ

4
δn,0

M̃n := Mn + uPn +
u2

4
κPδn,0

J̃n := Jn +
uκJ

2
δn,0

P̃n := Pn +
u
2
κPδn,0

G̃±r = G±r±u

R̃±r = R±r±u

Max Riegler | Spectral Flow and Flat Space Holography in 3D



9

Simple Models
Einstein Gravity Coupled to Two u(1) Gauge Fields

IEH+CS =
k

4π

∫
R +

κP

16π

∫
〈C ∧ dC〉
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)
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P2
)

du2 +
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N − 4π
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JP
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du dϕ− 2 dr du + r2 dϕ2

Thermal Entropy
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Simple Models
Einstein Gravity Coupled to Two u(1) Gauge Fields

Thermal Entropy

STh =
A0

H
4GN

=
π

6

cM

(
L0 − 2 J0P0

κP

)
√

cM
6

(
M0 − P2

0
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) =
π

6

cM

(
L̃0 − 2 J̃0P̃0

κP

)
√
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6

(
M̃0 − P̃2

0
κP

)
Spectral Flow

L̃n := Ln + uJn + vPn +
uv
2
κPδn,0

M̃n := Mn + uPn +
u2

4
κPδn,0

J̃n := Jn +
vκP

2
δn,0

P̃n := Pn +
u
2
κPδn,0
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Thermal Entropy and Partition Functions
Spectral Flow and bms3 Modular Transformations

Z (ρ, η, µ, ν) = Tr e2πi(ρM0+ηL0+µP0+νJ0)
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Thermal Entropy and Partition Functions
Spectral Flow and bms3 Modular Transformations

Z (ρ, η, µ, ν) = e(...)Tr e−
2πi
η ( ρ

η M̃0−L̃0)

[A. Bagchi, S. Detournay, R. Fareghbal, J. Simon; 1208.4372]

bms3 Modular Transformations

ρ→ ρ

η2 , η → −1
η
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Thermal Entropy and Partition Functions
Spectral Flow and bms3 Modular Transformations

Z (ρ, η, µ, ν) = e(...)Tr e−4π2(
βT
Ω2 M̃0+ i

Ω L̃0)

[A. Bagchi, S. Detournay, R. Fareghbal, J. Simon; 1208.4372]
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Thermal Entropy and Partition Functions
Spectral Flow and bms3 Modular Transformations

Z (ρ, η, µ, ν) = e(...)Tr e−4π2(
βT
Ω2 M̃0+ i

Ω L̃0)

[A. Bagchi, S. Detournay, R. Fareghbal, J. Simon; 1208.4372]

High-Temperature Limit
M̃min

0 = hv
M L̃min

0 = hv
L
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Thermal Entropy and Partition Functions
Spectral Flow and bms3 Modular Transformations

log Z (ρ, η, µ, ν) ≈ 2πi
η

(
ρ

η
hv

M − hv
L −

ν2

4
κJ −

2ηµν − ν2ρ

4η
κP

)

High-Temperature Limit
M̃min

0 = hv
M L̃min

0 = hv
L
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Thermal Entropy and Partition Functions
Thermal Entropy

hL =
1

2πi
∂η log Z j =

1
2πi

∂ν log Z

hM =
1

2πi
∂ρ log Z p =

1
2πi

∂µ log Z
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Thermal Entropy and Partition Functions
Thermal Entropy

hL =
1

2πi
∂η log Z j =

1
2πi

∂ν log Z

hM =
1

2πi
∂ρ log Z p =

1
2πi

∂µ log Z

Thermal Entropy

S = (−1 + η∂η + ρ∂ρ + ν∂ν + µ∂µ) log Z = 4πi
ηhv

L − ρhv
M

η2
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Thermal Entropy and Partition Functions
Thermal Entropy

hL =
1

2πi
∂η log Z j =

1
2πi

∂ν log Z

hM =
1

2πi
∂ρ log Z p =

1
2πi

∂µ log Z

hv
L = − cL

24
hv

M = −cM

24

Thermal Entropy

S =
π

6

cM

(
hL − 2 jp

κP
+ κJ

κ2
P
p2
)

+ cL

(
hM − p2

κP

)
√

cM
6

(
hM − p2

κP

)

Max Riegler | Spectral Flow and Flat Space Holography in 3D



12

Thermal Entropy and Partition Functions
Logarithmic Corrections

Zab =
1

2πi
∂a∂b log Z
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Thermal Entropy and Partition Functions
Logarithmic Corrections

Zab =
1

2πi
∂a∂b log Z

Logarithmic Corrections

∆S = −1
2

log detZ
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Thermal Entropy and Partition Functions
Logarithmic Corrections

Zab =
1

2πi
∂a∂b log Z

Logarithmic Corrections

∆S = −1
2

log

[
(hv

M)2
κ2

P
η8

]
= log

 cM

24κP

(
M0 − P2

0
κP

)2


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Simple Models
N = 4 Supergravity

ICS[A] =
k

4π

∫
M
〈A ∧ dA+

2
3
A ∧A ∧A〉
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Simple Models
N = 4 Supergravity

ICS[A] =
k

4π

∫
M
〈A ∧ dA+

2
3
A ∧A ∧A〉

ds2 =
(
M+

π

4k
P2
)

du2 +
(
N +

π

2k
JP

)
du dϕ− 2 dr du + r2 dϕ2
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Simple Models
N = 4 Supergravity

ds2 =
(
M+

π

4k
P2
)

du2 +
(
N +

π

2k
JP

)
du dϕ− 2 dr du + r2 dϕ2

Asymptotic Symmetries

[Ln, Lm] = (n −m)Ln+m

[Ln, Mm] = (n −m)Mn+m +
cM

12
n(n2 − 1)δn+m,0

...

{G±r , G∓s } = 2Lr+s ± (r − s)Jr+s,

{G±r , R∓s } = 2Mr+s ± (r − s)Pr+s +
cM

3
(
r2 − 1

4

)
δr+s,0,

[Jn, Pm] =
cM

3
nδn+m,0

Max Riegler | Spectral Flow and Flat Space Holography in 3D



14

Thermal Entropy
First Law of Flat Space Cosmologies

δSTh = βT (−δM + ΩδJ − ΦJ δQJ − ΦPδQP)
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Thermal Entropy
First Law of Flat Space Cosmologies

δSTh = βT (−δM + ΩδJ − ΦJ δQJ − ΦPδQP)

Charges

δM := δQ[∂u] =
k

2π

∫
dϕ〈AuδAϕ〉 = δM0

δJ := δQ[∂ϕ] :=
k

2π

∫
dϕ〈AϕδAϕ〉 = δL0

δQJ :=
k

2π

∫
dϕ〈JδAϕ〉 = δJ0

δQP =
k

2π

∫
dϕ〈PδAϕ〉 = δP0
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Thermal Entropy
First Law of Flat Space Cosmologies

δSTh =

〈
−βT

2π

(∫
dϕau − Ω

∫
dϕaϕ + ΦJ

∫
dϕ J + ΦP

∫
dϕ P

)
δAϕ

〉

Charges

δM := δQ[∂u] =
k

2π

∫
dϕ〈AuδAϕ〉 = δM0

δJ := δQ[∂ϕ] :=
k

2π

∫
dϕ〈AϕδAϕ〉 = δL0

δQJ :=
k

2π

∫
dϕ〈JδAϕ〉 = δJ0

δQP =
k

2π

∫
dϕ〈PδAϕ〉 = δP0
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Thermal Entropy
First Law of Flat Space Cosmologies

δSTh =

〈
−βT

2π

(∫
dϕau − Ω

∫
dϕaϕ + ΦJ

∫
dϕ J + ΦP

∫
dϕ P

)
δAϕ

〉

Holonomy

h = −βT

2π

(∫
dϕau − Ω

∫
dϕaϕ + ΦJ

∫
dϕ J + ΦP

∫
dϕ P

)
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Thermal Entropy
First Law of Flat Space Cosmologies

δSTh = 〈hδAϕ〉

Holonomy

h = −βT

2π
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Thermal Entropy
First Law of Flat Space Cosmologies

Holonomy Conditions

Eigen [h] = Eigen [2πL0]

Thermal Entropy

STh =
π

6

cM

(
L0 − 3 J0P0

cM

)
√

cM
6

(
M0 − 3P2

0
2cM

)
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Thermal Entropy and Partition Functions
bms3 Modular Transformations

Z (ρ, η, µ, ν) = TrRR(−1)F e2πi(ρM0+ηL0+µP0+νJ0)
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Thermal Entropy and Partition Functions
bms3 Modular Transformations

Z (ρ, η, µ, ν) = TrRR(−1)F e2πi(ρM0+ηL0+µP0+νJ0)

bms3 Modular Transformations

ρ→ ρ

η2 , η → −1
η
, µ→ ηµ− νρ

η2 , ν → ν

η
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Thermal Entropy and Partition Functions
bms3 Modular Transformations

Z (ρ, η, µ, ν) = e
−iπ

(
ν2
2η κJ + 2ηµν−ν2ρ

2η2 κP

)
Z
(
ρ

η2 ,−
1
η
,
ηµ− νρ
η2 ,

ν

η

)

bms3 Modular Transformations

ρ→ ρ

η2 , η → −1
η
, µ→ ηµ− νρ

η2 , ν → ν

η
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Thermal Entropy and Partition Functions
bms3 Modular Transformations

Z (ρ, η, µ, ν) = e
−iπ

(
ν2
2η κJ + 2ηµν−ν2ρ

2η2 κP

)
Z
(
ρ

η2 ,−
1
η
,
ηµ− νρ
η2 ,

ν

η

)

High-Temperature Limit
M̃min

0 = hv
M L̃min

0 = hv
L , jv = pv = 0
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Thermal Entropy and Partition Functions
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−iπ
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2η κJ + 2ηµν−ν2ρ

2η2 νκP

)
e2πi
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ρ

η2 hv
M− 1

η hv
L
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High-Temperature Limit
M̃min
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M L̃min
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Thermal Entropy and Partition Functions
bms3 Modular Transformations

Z (ρ, η, µ, ν) ≈ e
−iπ

(
ν2
2η κJ + 2ηµν−ν2ρ

2η2 νκP

)
e2πi

(
ρ

η2 hv
M− 1

η hv
L

)

Density of States

Z (ρ, η, µ, ν) =

∫
d(hL,hM , j ,p)e2πi(ρhM +ηhL+µp+νj)
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Thermal Entropy and Partition Functions
bms3 Modular Transformations

Z (ρ, η, µ, ν) ≈ e
−iπ

(
ν2
2η κJ + 2ηµν−ν2ρ

2η2 νκP

)
e2πi

(
ρ

η2 hv
M− 1

η hv
L

)

Density of States

d(. . .) =

∫
e
−iπ

(
ν2
2η κJ + 2ηµν−ν2ρ

2η2 κP

)
e2πi

(
ρ

η2 hv
M− 1

η hv
L−ρhM−ηhL−µp−νj

)
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Thermal Entropy and Partition Functions
bms3 Modular Transformations

Thermal Entropy

S = log d(0) = −π
4hv

M

(
hL − 2 jp

κP
+ κJ p2

κ2
P

)
+ 4hv

L

(
hM − p2

κP

)
√
−4hv

M

(
hM − p2

κP

)
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Thermal Entropy and Partition Functions
bms3 Modular Transformations

Vacuum Weights

hv
L = − cL

24
, hv

M = −cM

24

Thermal Entropy

S = log d(0) = −π
4hv

M

(
hL − 2 jp

κP
+ κJ p2

κ2
P

)
+ 4hv

L

(
hM − p2

κP

)
√
−4hv

M

(
hM − p2

κP

)
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Thermal Entropy and Partition Functions
bms3 Modular Transformations

Vacuum Weights

hv
L = − cL

24
, hv

M = −cM

24

Thermal Entropy

S = log d(0) =
π

6

cM

(
hL − 2 jp

κP
+ κJ p2

κ2
P

)
+ cL

(
hM − p2

κP

)
√

cM
6

(
hM − p2

κP

)

Max Riegler | Spectral Flow and Flat Space Holography in 3D



16

Conclusion

Things Learned

I Models exhibiting spectral flow in flat space exist
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Conclusion

Things Learned

I Models exhibiting spectral flow in flat space exist
I Thermal entropy can be derived from an underlying

partition function
I Holographic “intuition" also seems to work for flat space

To Do and Possible Extensions
I How does the spectral flow influence the spectrum?
I Spectral flow including non-abelian current algebras?
I Logarithmic corrections gravity side?
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Thank you for your attention!


