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unfolding of pure gravity

Einstein equations
Ryp=0 < Rgped=Caeq RI€EManNn=Weyl
Cartan equations
dwap + wa® A wep = Cye pae A e?,
Deazdea—l—wab/\ebz 0.

Unfolding..

DCab,cd — Cab,cd|f€f : XL = +L 4L

Bianchi identities:

eb A\ edDCab,cd =0 = T +0 =0

£
DCyp.ca = (2Capr.cd + Cabe.dr + Cabd.cr)e



DClpede = Capege|e’  Bianchi identities = Clpe go|f ™

Gravity unfolded module C

l L] [ 1]
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Unfolded equations

— &
DCal...ak._l_Q,ble - ((k+2)Ca1...ak+20,blb2+Cal...a;H_le,ch_'_Cal...ak,_I_QbQ,blc)e

Second Bianchi identity
[D,D] ~Cyp.q = nonlinear corrections
2
DCa1a2a3,b1b2 — (3Ca1a2a3c,b1b2 + Ca1a2a3b1,b2c + Calagagbg,blc + (Weyl) )ec
schematically
DC = fa(C)ea

solved up to O(C?) in d = 4, M.A. Vasiliev, '89



Black holes in GR.
e At least two isometries (any d)

e d = 4 Weyl tensor is of Petrov type D

Cj%,cd ~ (‘Di(bi)ab,cd, Pop = —Pypq -

e d = 3 BTZ black hole is completely determined by an AdS3 single

isometry &
BTZ = AdS3/expté

Type of BH is classified by inequivalent & with respect to AdS3 adjoint

action

& — MSM_l



e Hidden symmetries (Killing-Yano tensor & ;)

D®,, = va€p — vp€q, Doy = — Py,

General decomposition:

Absence of

D(Dab: ¢ab|cec ¢ab‘c_>EXD: ‘|‘@+D

“and @ IS @ manifestation of the hidden symmetry

®,p, entails (on-shell): v, — Killing vector, K,y = ®.°Py, — Killing

tensor, K ;v? —Killing vector.



$ , in AdS (Minkowski) space-time

AdS :

dwab + wa© A Wep = Neqg N\ €y,

dea,_l_CUa,b/\eb: O
embedding - zero curvature representation

Wag = (wyp, VAes) = dWaig+ WS AWep=0

Global symmetries

SWap = Doéap = déap +Wa%cp +Wg“ac =0, EAB — (Pap, Va)

Dug = —AD e’

chab — Va€p — Vp€q

Eap — AdS global symmetry parameter



AdS Black holes from AdS global symmetry
parameter

e d =3 BTZ black hole from a single AdS3 isometry factorization

(M. Henneaux+BTZ, '93)

e d=4 AdS — Kerr from an AdS isometry p-deformation

(V.D, A.S. Matveev, M.A. Vasiliev) d=5 (v.D)

Dva = —AD 4 + F (11, By, €2)

chab — Va€p — Vp€q
Integrating flow % links AdS to BH
T = G + fon(€aB)

BH mass m and angular momenta a; are encoded in Casimir invari-
ants Tr(¢% 5z). #(m,a;)=rank O(d-1,2)



d=4 Kerr-NUT Black hole



Spinor form for AdS, equations:

1 1
DVO{O{ — Eefyacbfya _I_ —€ CDO{"}/
Dq)aa = )\2604;”/0@, D(de = )\QeVde .

1. AdS, covariant form

Al Vo Q —Xe_
= = ;3 = = 04,3 — O{ﬁ =
Kap Kpa ( V,Boz A1 . ) QuB Qpa ( _)\eﬁd Qaﬁ )

1
DoKsp =0, D§ ~ Roap = dQ2ap + EQAC NS2cp =0.

Kaip — AdS, global symmetry parameter
2. Two first integrals

related to two AdS, invariants (Casimir operators)

1 1
Co =Ky pKAB =1, Cyp = ZTrK‘L = 17 4+ \°I,



Deformation of AdS, — black hole unfolded
system

(Keep the same form of the unfolded equations)

1 1_ .-
DVoa = 5/0 e’y Prya + 5/0 ea7¢a7 ;
chaa — eaﬁ/Va/y y
Dédo} == eVdV,yd .
Unlike the AdS,; case with p = —)\? we assume p to be arbitrary
Bianchi identities: D2 ~ R, DR =0

fix p uniquely in the form

~\ — 3 2 ~ 13 _ 1
o(G,G) = MG> — \* — qGG~, G—\/m




Integrating flow and solution space

The flow %, where x = (M, q)

o
d,—] =20
4, 5]

allows one to express BH fields in terms of AdS, global symmetry pa-

rameter K p. This identifies the solution space

e Generic Ky, M-complex —

Carter-Plebanski class of metrics. Parameters: ReM, ImM, Cs, Cya, g, N

e Kerr-Newman, C> >0, M >0

Parameters: M, a(Ca),q

o K48 = —§,4B — Schwarzschild (V2 < 0), Taub-NUT (V2 > 0)



d =5 black holes

metric (Hawking-Hunter)

£ 2 2 Pa2 2 2 2 2 2
g2 — —é(dt B aSI_n 0d¢_ bcis Hdw)Q n DNy sin e(adt— r< 4+ a d¢>2 n Ay COS Q(bdt T ;l— b
P2 =a =b PQ =a P2 =b
2 2 2 2 2 P a2 2 2 2
pPe o P o (1 —Ars) _b(r + a“)sin< 0 _a(r + b°) cos= 0 2
+dr —|—A6d0 +—742p2 (abdt = do = dip)
where
1
A== +a®)(?+0°)(1 = Ar?) —2M,  Ap= 1+ Aa®cos®0 + Ab”sin ¢
T
p° =124+ a%cos?0 4 b2sin?0, =,=14Aa?, =1+ Nb?
Horizon.:

A(T_|_) =0



Black hole unfolded system

AdSs unfolded equations

N 1 .
Dv,g = —g(dDa’Yew — dg7ey0), DPyp= E(voﬂew +wvg'e,,) consistency D2 ~ Rggs

u-deformation —

N W, _

1
chaﬁ — E(Uatyefyﬁ _I_ ’Uﬁfyefya) , H = \/det cbaﬁ
D? ~ Ru4s + CpH

32u

Caﬁ75 — _F((cb_l)aﬁ(cb_l)’yd _I_ (cb_l)ory(cb_l)ﬁé + (¢_1)a5(¢_1)ﬁ7)



Black holes

1
Vo3 = Ugﬁ = const, P,g= E(va7x75 + 057567@) + CDgﬁ, Cbaﬁ = const

Type Killing vector | Lorentz generator Cbgﬂ p? 1 I>

Kerr 2 G by —1 | b2+ a? | 2ab
light-like Kerr | 9 + & + brzY, 0 | a® |2ab
tachyonic Kerr a% al’ty + bl‘ +1 | a2 —b2 | 2ab

Classification of Kerr-Schild solutions on 5d I\/I|nkowsk| space according to its Poincare invariants

2
gmn — "'mn + ﬁukmkn




Projectors and Kerr-Schild vectors

Projectors:
1
-

tyn=x == =+ — + —
NN, =N, Ng'NY;=0, NJ7;=-MNg, .
Light-like vectors:
vl =NENE, v =N Ng? = vivi=vivi =0
Specify X3 :

X —i(CI) +HS ), 2=1H-Q)
o8 T ol ap’? 2



Kerr-Schild vectors :

Yo _ _Yap +o— _ 1 4+ —af
kagp Fo— BT o = VIV = VeV
kv = ngv® =1, k%q=n%%q¢=0

geodetic condition:

kaDakb == naDanb =0

Kerr-Schild vectors and massless fields

1
“kay - .- ka

¢a1...a5 — H

S

N\
D¢a1...a3 — SDbD(a1¢a2...as)b p— _E(S — 1)(8 —|— 2)¢a1...a$

Black holes

2
dmn — g?rm + F'ukmkn



Towards higher-spin BH

d=4 — Static BPS HS black hole (v.p, M.A. vasiliev, 2009)

d=4 — D-type class of solutions (c. 1azeolla, P. Sundell, 2011)

d=3 HS asymptotic symmetries (M. Henneaux, S-J. Rey, @ A. Campoleoni,

S. Fredenhagen, S. Pfenninger, S. Theisen, 2010)

d=3 — Static si(3) @ sl(3) black hole (M. Gutperle, P. Kraus, 2011)
sI(N) @ sl(N), hs(\) @ hs(\) — great deal of interest



black holes

GR

Obstacles:

1. HS does not have decoupled spin-2 sector — all higher spins involved

SUGRA HS

black holes black holes 777

in the equations of motion.

2. The interval ds® = g, dxtdx” is not gauge invariant quantity in higher

spin algebra.

Perturbative analysis available

1-st order free field
Fronsdal equations

2-nd order
interactions

Program for HS black holes

AdS,

HS _ O-th order
theory vacua AdS
vacuum

massless fields ¢y...us(x)

black hole

HS

corrections




Kerr-Schild fields from free HS theory



e Free HS equations
HS field strengths C(y,ylz) = Y0 —0 71 Catm),am)¥® - - - ¥~ - . J°

HS potentials w(y,ylz) = Z = Wa(n),a(m)Y” - - - YT - T

n,m=0
Equations of motion:
DgC=dC —wgxC+Cxwg=0 « twisted-adjoint
Dow = dw — [wg, w]x = R71(C) <« adjoint
fly,y) = f(—y,y) — twist operator

wo(y,v|x) —  AdS4z vacuum connection

matter fields: scalar s =0 — C(z), fermion s =1/2 — Cu(z) ® Cs(x)

HS fields: potentials — w,(,_1)a(s—1),» Strengths— Cuias) ® Caas)



e Star-product operation

Let Y4 = (ya,y,) be commuting variables.

(F % ) (Y) = / £(Y + UWeg(Y + V)eUaViqudv —

associative algebra with

[YA, YBlx = —2epp



e AdS, vacuum

Introduce 1-form wq € 0(3,2) ~ sp(4)

1 _ e .
wo = —g(Waayo‘yo‘ + ©aa¥ YUY — 2Xxeqqy y”),  dwg — wo x Awg = 0

Equiv. to
1 A2 - :

1 1_
de,s + Ewoﬂew + Eadmm =0 — zero torsion



Kerr-Schild HS solution

e Fix AdS, global symmetry parameter K p = Ky
DoKsp=0 =
DoKagY Y B = dK AgYAY P — [wo, KAagY Y Py =0
any function f(KABYAYB) iIs a HS global symmetry parameter

Dof(KagYYP) =0

e Solving for linearized C(y,y|r) in the curvature sector

1
dC — wo* C + C x g = 0, C = 27rf(§KABYAYB) % 52 (y)

/\‘1%5
Kin=Kps = _ﬁ

Cly, 5 = [ APt (CBopun’ + Vo5uty® + &, 15557 exp(inay®)

~ A



e Reality condition

(C(y, gla)T = C(~y, 7|x)

Generic f(%KABYAYB) does not meet reality condition for C

e Choose f Iin the form

1
f = Mexp 5KABYAYB

o OT =

|
Q
|

K,CKcB = —5,B
V,, — timelike, M= = Schwarzschild

V.., — space-like, M=-M = Taub-NUT



Higher-spin curvatures:

M 1 —h— :
C = 7 exp ( CD yaya _I_ 5 a;yaya _ Zcboz’y ,U’YO{y y )
M, _ 1
Ca(2n) = 7(‘1’045)“, Ci(on) = —(‘I’ N

Connections:

M
Puy..in = —Kpup ---kuy  — BH Fronsdal fields
T



e Nonlinear HS equations
w(y,ylz) — Wy, y,z2,z|z), C(y,y|lx) — B(y, 9, 2, z|x)

Pure gauge compensator 1-form —  S(Z,Y|z) = Sadz®+ 5;dz®
Introducing A=d+ W + S, HS nonlinear equations take the form

AxNA =R(B,v,v), [B, Alx =0
Component form (bosonic egs.) —
dW — W « AW =0, dB—W B+ BxW =0,
dSe — [W,8u)x =0, dSs—[W,5:]x =0,
SaxS*=2(1+Bxv), 8;x8*=2(14+B%*7), [Sa Sili=0,

BxSy+ SaxB=0, Bx%xS;+38,xB=0,

Dynamical potentials and field strengths: W(Y, Z|z),,_ ,B(Y, Z|z)|,_,



New ingredients

e (Y, Z) star-product: Let Y4 = (ya,yy) and Z4 = (za,25) be com-

muting variables.

(% 2)(Y,Z) = /f(Y 4+, Z48)g(Y +t,7Z — t)eSat dsdt —

associative algebra with

ZA,ZBlx = —[Y A, YBlx = 2epB, [YA,ZBlx=0

e Klein operators

v =exp (zay®), V=exp(Z;7%)

VAxV=Vxv=1, vxf(y,z) =f(-y,—2z) xv, vxt(y,z) =1f(-y,—-z)



Solving nonlinear HS equations

Main idea: Function Fjp = exp (%KABYAYB) generates invariant sub-
space in the star-product algebra and provides suitable ansatz for solving

nonlinear HS equations
Properties of I

1. FyxFg =Fyg, Y_axFg=Fg*Yyia =0, Yoa=NuaCY0 = 3645 +
K4®)Ys « Fock vacuum projector

2. DoFir =0 <« by definition

3. Generates subalgebra of the form Fr¢(alz), where aq = Z4+K4PYp

(Fr¢1(alz)) x (Fxoa(alz)) = Fg(¢1(alx) * pa(alzr))

* - iIs Fock induced associative star-product operation on the space of a4 - oscillators



* - properties

1. associativity — (¢1 * ¢2) * p3 = ¢1 * (P2 * ¢3)

l[aa,apls = 2e4p
2. Admits Klein operators of the form

1 1

K = —exp( Cbaéao‘ao‘) K = —eXD( 3% a)

2 OéOé
K*K:R*I_{Zl, {K,aa}*Z{f_(,c_La}*ZO

~ 2
3. Differential — Q =d — %dKAB(%sz

Q(f(alz) * g(alr)) = Qf (alz) * g(alz) + f(a|z) * Qg(alz)

02 =0, Qa, =0, OK =0



T he Ansatz

B = MFgx(y),
Sa = za + Fgoa(alz) , Se = 24 + Fros(alz),

W = wo(y,ylr) + Fg(w(alx) + w(alr)), wq is the AdS, connection

HS equations reduce to " 3d massive equations”
[sa; s8]« = 2e43(1 + M - K),
QS(X — [w, Sa]* — O,

Qw —wx*x Aw =0,

where so = aqn + oa(alx) - the so called deformed oscillators (Wigner).
Note: 3¢ HS equations around the vacuum By = v = const were considered by Prokushkin

and Vasiliev and were shown to provide massive field dynamics with the mass scale v



Exact solution

ad 1 b =180
Sa:za—I_MFKT/O dteXD (Eﬁﬁﬁa a ),

5. =7, —I—MFK—/ dtexp (= ngﬂ‘ﬁ %) |
B =M6XD( kolyayl 4 Tr-lgagh Fay 07 6y gY)
T ap 2"ap o

1
W = Wy+ (%FKdTo‘ﬁw_l_o‘aaaa / dt(1—1t) exp (Em_laﬁaﬁ) + Fr fo+c.c.),
ar P 0 D Bb



Symmetries

Let e(Z,Y|x) be a global symmetry parameter —

Bxe—€xB =0, [Sex=0, de—[W,elx,=0 =
[FK,G]*:O

e(Yie) = ) foaemy,smy (@) Y x o + YEY P w5 VP feo(a) =1 f(Y-,Y4) : +co, Dof =

_1 VvV
m,n= m n

Max. finite dimensional subalgebra: T48 = YJ(FAY_B), T=Y_,Yy — su(2)®u(l)
More (Supersymmetry)! Global SUSY is a quarter of the N =2

SUSY with two supergenerators Q9 of the AdS; vacuum.

Vacuum AdS, symmetry algebra osp(2,4) is broken giving BPS HS
black hole



Conclusion

It is demonstrated that unfolded formulation allows to describe GR
black holes in terms of AdS global symmetry parameter in coordinate

invariant way.

The construction admits natural generalization to higher-spins, re-

sulting in HS Schwarzschild and Taub-NUT exact solutions.

Open problems

What is black about HS black hole? (Horizons, singularities, en-

tropy, temperature)

Black rings, are they within reach of the AdS global symmetry pa-

rameter?



