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Four Carroll stories

• Partition functions and thermodynamics
• Electric Carroll theories
• De Sitter and dark energy
• Carroll limits of black holes



Carroll and other limits
!
"
→ 0 : Galilei limit

!
"
→ 1	: Ultra relativistic limit
!
"
→ 	∞ : Carroll limit

Always compare c to some other 
velocity v in the system



A Carroll story on par--on 
func-ons and 

thermodynamics



Massless relativistic particles

	 𝑍 𝑇, 𝑉, 𝑣# =
𝑉
ℎ$
∫ 𝑑$𝑝	𝑒%&'(&!!)!

𝐻 𝑝 = |𝑝⃗|𝑐

𝑍 =
8𝜋𝑉𝛾*

ℎ$𝑐$𝛽$
=

8𝜋𝑉

ℎ$𝑐$𝛽$(1 − 𝑣
+

𝑐+)
+	

Result convergent for 𝑅𝑒 𝛽 𝑅𝑒 𝑣 − 𝑐 − 𝐼𝑚 𝛽 𝐼𝑚 𝑣 < 0.



Carroll limit of massless particles

𝑍 =
8𝜋𝑉𝛾!

ℎ"𝑐"𝛽" =
8𝜋𝑉

ℎ"𝑐"𝛽"(1 − 𝑣
#

𝑐#)
#	

Timelike Carroll limit: 

𝑣 = 0, 𝑐 → 0

Divergence: 𝑍 ∝ 𝑐$"



Carroll limit of massless particles

𝑍 =
8𝜋𝑉𝛾!

ℎ"𝑐"𝛽" =
8𝜋𝑉

ℎ"𝑐"𝛽"(1 − 𝑣
#

𝑐#)
#	

Spacelike Carroll limit/regime: 

𝑣 → 𝑖𝑣, 	𝑣/𝑐 → ∞

 𝑍 = $%&'
()*)!,"

	 ℰ+𝑃 = 0 

𝑅𝑒 𝛽 𝑅𝑒 𝑣 − 𝑐 − 𝐼𝑚 𝛽 𝐼𝑚 𝑣 < 0 Imaginary chemical potentials



Partition function

• The strict Carroll limit is trivial or otherwise 
not well defined.

• It is better to consider the Carroll regime, in 
which c/v is very small (but non-zero).



Carroll QFT on 𝑆<=

• 𝑆 = ∫𝑑+𝑥	(𝑎+𝜙̇+ − 𝑏+(𝜕,𝜙)+ −𝑚+𝜙+)

• Relativistic: a=1/c and b=1

• Electric Carroll limit: 𝑏 → 0

• Magnetic Carroll limit: 𝑎 → ∞



Carroll QFT on 𝑆<=

• 𝑆 = ∫𝑑+𝑥	(𝑎+𝜙̇+ − 𝑏+(𝜕,𝜙)+ −𝑚+𝜙+)

• Energies: 𝛽𝐸- = 𝑘+𝑥+ + 𝑦+	 𝑘 ∈ ℤ

 𝑥 ≡ .&
/0
	 𝑦 ≡ &1

0
	

• Partition function 𝑍[𝑥, 𝑦] = 𝑇𝑟[𝑒%&']



Carroll QFT on 𝑆<=

• Partition function 𝑍[𝑥, 𝑦] = 𝑇𝑟[𝑒-*.]

𝑥 ≡
𝑏𝛽
𝑅𝑎

	 𝑦 ≡
𝛽𝑚
𝑎
	

• Electric limit: 𝑥 → 0, but then R drops out and 
partition function is not extensive.

• Magnetic limit: 𝑥 → 0, 𝑦 → 0.	Z	only	depends	on
/
0
= 1

23
   fixed. But then 𝛽 drops out.  



• Conclusion: there is no thermodynamics in the 
strict Carroll limit.

• For flat space holography, this might be a 
virtue rather than a bug! In flat space, there 
does not exist thermal equilibrium either.



A Carroll story on 
electric and magnetic 

theories



Electric Carroll theories

• Electric theories are ultralocal in space and 
have non-trivial time dependence. 

• A general class can be constructed as follows:

Analogy with fibre bundle: above each point x
in the base M, we consider a QK system with 
Hamiltonian Hx. 

ℒ = /
!
𝑑"𝑥 𝑔	𝐿#![𝜙 𝑥, 𝑡 ]



Electric Carroll theories

ℒ = Q
2
𝑑3𝑥 𝑔	𝐿42[𝜙 𝑥, 𝑡 ]

Example:  𝑆 = ∫𝑑𝑡	ℒ  with

            𝐿42[𝜙 𝑥, 𝑡 ] = 5
+
𝜙̇+ − 𝑉(𝜙)

𝐻, , 𝐻6 = 0	
Carroll invariant.



Electric Carroll theories

ℒ = 5
%
𝑑&𝑥 𝑔	𝐿'%[𝜙 𝑥, 𝑡 ]

Conserved charges (~ supertranslations)
            

𝑄( = 5
%
𝑑&𝑥 𝑔	𝑎(𝑥)𝐻)	

Total Hamiltonian 𝐻 = ∫% 𝑑&𝑥 𝑔	𝐻) .	Ground state is 
product of all ground states at each x. 
Energy eigenstates infinite degenerate.



Electric Carroll theories

Correlation functions of operators with 
vanishing one-point function in the ground 
state:

< 0 𝑂," …𝑂,# 0 >

will vanish unless for each xi there is at least 
another xj with xi = xj . 
Such correlators will produce a product of delta 
functions: ULTRALOCAL. 



Magnetic Carroll theories
• Consider a d-dimensional Euclidean field theory 
ℒ 𝜙4 . Now construct a magnetic Carroll theory

𝑆 = ∫𝑑𝑡𝑑5𝑥	(𝜒4𝜙̇4 − ℒ 𝜙4 ) 
The multipliers 𝜒4 guarantee that the fields 𝜙4 are 
time independent. Hamiltonian

𝐻 = X𝑑5𝑥	ℒ

Correlators of 𝜙4-fields will be time-independent 
and so Carroll invariant and given by Euclidean 
correlator.



A Carroll story on 
de Si8er and dark energy



De Sitter horizon

𝑣 = 𝐻𝑑 →
𝑣
𝑐
=

𝑑
𝑅'



Carroll universe

𝑅' =
𝑐
𝐻
→ 0

Carroll

Lorentz



Carroll universe

𝑅' =
𝑐
𝐻
→ 0

Carroll

Lorentz



Carroll universe

𝑅' =
𝑐
𝐻
→ 0

Carroll

Lorentz



Carroll metric

• De Sitter metric in planar coordinates:

𝑑𝑠+=-𝑐+𝑑𝑡+ + 𝑒+'7𝑑𝑥⃗+

• Carroll metric conformal to Euclidean flat 
space:

𝑑𝑠+=𝑒+'7𝑑𝑥⃗+

• Carroll limit is late time limit. dS/CFT. 
Euclidean theory on the boundary=magnetic 
Carroll theory.



Dark energy and Carroll particles

De Sitter requires dark energy with equation of 
state

𝑃 + ℰ = 0 → 𝑤 = −1

Microscopic interpretation: Carroll particles with 
imaginary chemical potentials 𝑣#for the 
momenta 𝑝#. They have 𝑃 + ℰ = 0!



A Carroll story on 
black holes



Reissner-Nordstrom

• Electric and magneTc limits on black holes 
zoom in on the metric inside and outside the 
horizon.

• Charged RN black holes: introduce Maxwell

𝑐 =
1
𝜀8𝜇8

Electric limit: 𝜇8 → ∞, 𝜀8 fixed
MagneTc limit: 𝜀8 → ∞, 𝜇8 fixed



Electric limit

• Keep E=Mc2 fixed, as well as Q and GC=GN/c2. 
Take 𝜇8 → ∞ and set P=0. Define

𝑎 = 2𝐸𝐺9 = 2𝑀𝐺:	 𝑏 =
𝑄+

8𝜋𝜀8𝐸

• Horizons: 𝑟± =
0
+"$

(1 ± 1 − *"$.
0
)

• Carroll limit: 𝑟( → ∞, 𝑟% → 𝑏. This is the 
region between inner and outer horizon. 



Electric limit

• The geometry is some charged deformation of 
the Carroll-Kasner geometry. Carroll metric

ℎ =
𝑎
𝑟
1 −

𝑏
𝑟
𝑑𝑡# + 𝑟#𝑑Ω#

with 𝑟 ∈ (𝑏,∞) and 

𝑎 = 2𝐸𝐺6 = 2𝑀𝐺7	 𝑏 =
𝑄#

8𝜋𝜀8𝐸



Magnetic limit

• Keep E=Mc2 fixed, as well as P and GC=GN/c4. 
Take 𝜀8 → ∞ and set Q=0. Define

𝑅< = 2𝐸𝐺9 = 2𝑀𝐺:/𝑐+	 𝑅=+ =
𝜇8𝑃+𝐺9
4𝜋

• Horizons: 𝑟± =
/%
+
(1 ± 1 − */&

$

/%
$ )

• Carroll limit: horizons stay fixed. 



Magnetic limit

• The Carroll metric

ℎ = 1 −
𝑅<
𝑟
+
𝑅=+

𝑟+

%5

𝑑𝑟+ + 𝑟+𝑑Ω+

together with the magneTc field can be 
extended to a wormhole geometry, similar to 
Schwarzschild.



Conclusions

• There is no thermodynamics in the strict 
Carroll limit, but this is a good thing.

• Carroll symmetry not only relevant for flat 
space holography, but also for de Sitter 
holography 

• The Carroll story continues… 


