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Massless particles:

Flat space holography?

• 4D asymptotic symmetries - 2D currents

• Collinear limits - 2D OPEs?

• Most entries in the holographic 

   dictionary so far are kinematic… 



Motivation

Basic missing entries:

• Subregion duality?

• Geometry — entanglement?

Σ
R

Flat space holography?

Let  be a pure state on a Cauchy slice  and ρ Σ R ⊂ Σ

SvN(Rρ) ≡ − Tr (Rρ log Rρ), Rρ ≡ TrR̄ρEntanglement entropy:



Motivation

Basic missing entries:

• Subregion duality?

• Geometry — entanglement?

Let  be a pure state on a Cauchy slice  and ρ Σ R ⊂ Σ

Flat space holography?

SvN(Rρ) ≡ − Tr (Rρ log Rρ), Rρ ≡ TrR̄ρEntanglement entropy:

[Casini, Huerta, Myers ’11]

• If theory is a CFT, conformal transformation maps spacetime to R and vacuum to thermal state 

   

entanglement entropy = thermal entropy

Σ
R



Broad goals/questions

Does R admit a holographic description? 

For gauge and gravity theories constraint on   

``edge mode’’ contribution to entanglement entropy 

Σ ⟹

[Donnelly, Wall ’14; Donnelly, Freidel ’16]

• Are ``soft modes’’ related to the DW ``edge modes’’?

• Entanglement entropy across a cut of ?ℐ+

[Kapec, A.R., Strominger ’16]

Σ
R
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Setup

Free Maxwell theory in 4D Minkowski spacetime: 1. Rich asymptotic symmetry structure

2. Weyl invariance



Setup: soft sector

Free Maxwell theory in 4D Minkowski spacetime: 1. Rich asymptotic symmetry structure

uf

ui

Δv ≠ 0

Δv = 0

Az(ui)

Az(uf )

vacuum transition• Infinity of large gauge charges:

(z, z̄)

r

• Constraint at :ℐ+ ∂uF(2)
ru + DzF(0)

uz + Dz̄F(0)
uz̄ = 0 ⟹

QLG = ∫S2

ϵ(z, z̄) ⋆ F

QLG = ∫S2

d2zγzz̄DBϵΔAB ≡ Qsoft

ΔAB ≡ ∫ duF(0)
uB ≠ 0 ⟹ radiative zero-mode ~ soft photon ~ memory

2. Weyl invariance



Setup: soft sector

Free Maxwell theory in 4D Minkowski spacetime: 1. Rich asymptotic symmetry structure

2. Weyl invariance

• ``Memory’’ solutions to the vacuum [no charges] Maxwell equations

∂uF(2)
ru + DzF(0)

uz + Dz̄F(0)
uz̄ = 0 have both Coulomb and radiative modes:

i0F(0)
uz ∼ δ(u),

matched across i0F(2)
ru ∼ θ(−u)

Null cone

Null plane

• Field strength in a conformal primary basis 

[diagonalizing boosts towards ] associated with 

 wavefunctions

(z, z̄)

Δ = 1 [Donnay, Puhm, Strominger ’18]



Conformal primary wavefunctions

AΔ,±
a;μ (w; X) =

m±
a;μ(w; X)

(− ̂q ⋅ X±)Δ
, m±

a;μ(w; X) = εa;μ +
εa ⋅ X±

− ̂q ⋅ X±
̂qμ Xμ

± = Xμ ∓ iϵnμ .

∂τ

Solutions to the free Maxwell equations

• Eigenstates of Milne time translation: ∂τA1+iλ = − iλA1+iλ, τ =
1
2

log(−X2)

• Soft wavefunctions have :λ = 0
AG

a (w, X) ≡
A1,+

a (w; X) + A1,−
a (w; X)

2
= dXαG

a (w, X)

ACS
a (w, X) ≡

Alog,+
a (w, X) − Alog,−

a (w, X)
2πi

Alog,±
a ≡ lim

Δ→1
∂Δ [AΔ,±

a + Ã2−Δ,±
a ] = − log(−X2

±)A1,±
a

[Goldstone, pure gauge]

[Conformally soft, memory]

[Donnay, Puhm, Strominger ’18]



Setup: soft sector

Free Maxwell theory in 4D Minkowski spacetime: 1. Rich asymptotic symmetry structure

2. Weyl invariance 

ACS• Conformally soft/memory mode is exact in celestial space  integrated mode is path independent⟹

ACSI(w1, w2; X) ≡ ∫
w2

w1

ACS(w; X)

• Field strength:

QLG ≠ 0



Setup: embedding inside the Einstein static universe

Free Maxwell theory in 4D Minkowski spacetime: 1. Rich asymptotic symmetry structure

2. Weyl invariance 

∇μFμν = 0 ∇μ Fμν = 0
ds2 → Ω−2ds2

•  Cauchy slice inside the Einstein static universe ℐ+

• Entanglement across  ~ entanglement across  in Einstein static universe ℐ+ S3

• Domains of dependence of partitions are the future Milne patches (R) of the original Minkowski geometry and 

    another one (L) related by conformal inversion   



Inversions vs. shadow transforms

Aμ( X) =
∂Xν

∂Xμ Aν(X), X2 > 0

Iν
μ(X) m±

a;ν(w; X) = m±
a;ν(w; X)

AΔ,±
a,μ (w; X) = ( X2

±)Δ−1AΔ,±
a,μ (w; X) = e±iπ(Δ−1)ÃΔ,±

a,μ (w; X)
Xμ =

Xμ

X2

∂Xν

∂Xμ = X2Iν
μ(X) = X−2Iν

μ( X)

Iν
μ(X) = δν

μ −
2XμXν

X2
= Iν

μ( X)

Inversion:

 is weight 0 under Weyl rescalings:A

• Applying to CPW and using that 

•  is the shadow wavefunction of dimension ÃΔ Δ

ÃΔ,±
a = (−X2

±)Δ−1AΔ,±
a

[in Q, then analytically continue outside]



Inversions vs. shadow transforms

AΔ,±
a,μ (w; X) = e±iπ(Δ−1)ÃΔ,±

a,μ (w; X) in inverted Minkowski patch ⟹

• Decompose conformal primary wavefunctions (cpw) supported on  slice of cylinder

   [dotted white] in terms of cpw supported on the L and R Milne patches:

S3

AΔ,± = e±iπ(Δ−1)LÃΔ + RAΔ, Δ ∉ ℤ

Span{positive frequency plane waves} = Span{positive Milne energy cpw}
⟹

Global definite energy modes decompose into positive and negative energy Milne modes

Compare to Rindler decomposition [decompositions related by time translation on the cylinder]

 has opposite Milne frequency to  ( ) ÃΔ AΔ Δ = 1 + iλ



Minkowski vacuum as TFD

``Hard’’ mode decomposition

A(X) = ∫ ϵ(2)(w)∫ℝ−i0+

dλN(λ)[LÃ1+iλ ⋅ LÕ†
1+iλ + RA1+iλ ⋅ RO†

1+iλ] + [soft]

RO†
1+iλ = #Ra†

1+iλΘ(−λ) + #Ra1+iλΘ(λ)

LÕ†
1+iλ = #Lã†

1+iλΘ(λ) + #Lã1+iλΘ(−λ)

Ra, Ra† Lã, Lã†and

are canonically conjugate in R and L

AΔ,± = e±iπ(Δ−1)LÃΔ + RAΔ, Δ ∉ ℤ



Minkowski vacuum as TFD

LÃΔ = i
AΔ,+ − AΔ,−

2 sin πΔ
, RAΔ = i

e−iπΔAΔ,+ − eiπΔAΔ,−

2 sin πΔ

``Hard’’ mode decomposition

A(X) = ∫ ϵ(2)(w)∫ℝ−i0+

dλN(λ)[LÃ1+iλ ⋅ LÕ†
1+iλ + RA1+iλ ⋅ RO†

1+iλ] + [soft]

RO†
1+iλ = #Ra†

1+iλΘ(−λ) + #Ra1+iλΘ(λ)

LÕ†
1+iλ = #Lã†

1+iλΘ(λ) + #Lã1+iλΘ(−λ)

Ra, Ra† Lã, Lã†and

are canonically conjugate in R and L

Vacuum is TFD with respect to L and R Milne patches  |0⟩ = exp {∫ ϵ(2) ∫λ>0
dλ [log(1 − e−2πλ) + e−πλγab̄ãL†

a,λa
R†
b,λ]} |0⟩L |0⟩R⟹

AΔ,± = e±iπ(Δ−1)LÃΔ + RAΔ, Δ ∉ ℤ

L (R) decompose into +/- Minkowski modes: 



Soft sector of subregions

• L/R decompositions degenerate for   need independent construction of L/R soft sectorsΔ = 1 ⟹

AΔ,± = e±iπ(Δ−1)LÃΔ + RAΔ, Δ ∉ ℤ

AG = lim
Δ→1

AΔ,+ + AΔ,−

2
= LÃ1 + RA1 ⟹ AG = LAG + RAG



Soft sector of subregions

• L/R decompositions degenerate for   need independent construction of L/R soft sectorsΔ = 1 ⟹

AΔ,± = e±iπ(Δ−1)LÃΔ + RAΔ, Δ ∉ ℤ

AG = lim
Δ→1

AΔ,+ + AΔ,−

2
= LÃ1 + RA1 ⟹ AG = LAG + RAG

• Appropriate definitions of conformally soft modes found by considering inversion of :ACS

ACS( X) = A1+ + A1− − ACS( X) = 2AG( X) − ACS( X)

 R, L components of conformally soft wf from restriction of  and its inverse to the R, L Milne patches:⟹ ACS

ACS = 2LAG + LAE + RAE
``edge modes’’



Soft sector of subregions

• L/R decompositions degenerate for   need independent construction of L/R soft sectorsΔ = 1 ⟹

AΔ,± = e±iπ(Δ−1)LÃΔ + RAΔ, Δ ∉ ℤ

AG = lim
Δ→1

AΔ,+ + AΔ,−

2
= LÃ1 + RA1 ⟹ AG = LAG + RAG

ACS = 2LAG + LAE + RAE
``edge modes’’

•  and R counterparts are canonically conjugate in the respective patches (for )LAG, LAE ϵ → 0

⟨ ∙ , ∙ ⟩ = L⟨ ∙ , ∙ ⟩ + R⟨ ∙ , ∙ ⟩



Sources in inverted patch

Extension of the conformally soft field 

configuration obtained by inversion coincides 

with the Lienard Wiechert fields of

sources outside the two Minkowski patches



Sources in inverted patch

Extension of conformally soft field configuration

with sources inside the inverted patch is

indistinguishable from Minkowski perspective

• Can also construct fully sourceless extension to the cylinder

Extension of the conformally soft field 

configuration obtained by inversion coincides 

with the Lienard Wiechert fields of

sources outside the two Minkowski patches



Constraints

ℋcyl.

ℋMink.

L𝒬 + R𝒬 = 0

L𝒬 + R𝒬 = L𝒮 − R𝒮

= vacuum• Cauchy slices in Einstein static universe are compact 

    large gauge charges vanish

⟹

Ein.𝒬ent(w) = L𝒬(w) + R𝒬(w)

Gauss law imposes constraints on physical state space:

ℋ = ker𝒬ent ⟹ ℋ ⊂ ℋL ⊗ ℋR

R𝒬 ≡ − i⟨RAG, A⟩

ACS = 2LAG + LAE + RAE

AG = LAG + RAG

[Freidel, Donnelly ’16]



Constraints

ℋcyl.

ℋMink.

L𝒬 + R𝒬 = 0

L𝒬 + R𝒬 = L𝒮 − R𝒮

= vacuum• Cauchy slices in Einstein static universe are compact 

    large gauge charges vanish

⟹

Ein.𝒬ent(w) = L𝒬(w) + R𝒬(w)

Gauss law imposes constraints on physical state space:

ℋ = ker𝒬ent ⟹ ℋ ⊂ ℋL ⊗ ℋR

• On the other hand, large gauge charges in Minkowski space may be non-zero:

Mink.𝒬ent(w) = L𝒬(w) + R𝒬(w) + L𝒮(w) − R𝒮(w)

R𝒮 ≡ − i⟨RAE, A⟩

R𝒬 ≡ − i⟨RAG, A⟩

— picked out by the condition that it commutes with the Minkowski CS and G modes ACS = 2LAG + LAE + RAE

AG = LAG + RAG

[Freidel, Donnelly ’16]



Physical state space

ℋcyl.

ℋMink.

L𝒬 + R𝒬 = 0

L𝒬 + R𝒬 = L𝒮 − R𝒮

= vacuum

• Define the vacuum state 𝒬LG |0⟩ = 0

• Use  to generate states of arbitrary large gauge charge:𝒮

Minkowski theory

|q⟩ = ei𝒮[q] |0⟩

Mink.𝒬ent(w) |q⟩ = 0 is physical:|q⟩



Physical state space

ℋcyl.

ℋMink.

L𝒬 + R𝒬 = 0

L𝒬 + R𝒬 = L𝒮 − R𝒮

= vacuum

• Define the vacuum state 𝒬LG |0⟩ = 0

• Use  to generate states of arbitrary large gauge charge:𝒮

Minkowski theory

|q⟩ = ei𝒮[q] |0⟩

𝒮[q] = − i⟨ACSI[q], A⟩,

ACSI[q] =
1

4π ∫ ϵ(2)(w)q(w)ACSI(w, ∞)

Mink.𝒬ent(w) |q⟩ = 0 is physical:|q⟩

⟨AG(w), ACS(w′ )⟩ = − (4π)2idwdw′ 
G(w, w′ )

2D Green’s function



Physical state space

ℋcyl.

ℋMink.

L𝒬 + R𝒬 = 0

L𝒬 + R𝒬 = L𝒮 − R𝒮

= vacuum

• Define the vacuum state 𝒬LG |0⟩ = 0

• Use  to generate states of arbitrary large gauge charge:𝒮

Minkowski theory

|q⟩ = ei𝒮[q] |0⟩

Mink.𝒬ent(w) |q⟩ = 0 is physical:|q⟩

• Goldstone dressing admits decomposition in terms of L and R


    Goldstone and edge modes  have the same 

    von Neumann entropy

⟹ Rρ[q], Rρ[0]

• Define    Rρ[q] = TrLℋ |q⟩⟨q |

𝒮[q] =
1
2

R𝒮 + L (⋯)



Entanglement in the soft sector

[𝒬, ρvac] = 0 ⟹ [L𝒬, ρvac] = − [R𝒬, ρvac]

[R𝒬, Rρ[0]] = 0

Rρ[0] = ∫ ℰ[q]p[q]Rρ[0,q]

SvN (Rρ[0]) = SSh(p) + ∫ ℰ[q]p[q]SvN (Rρ[0,q])

 It remains to determine ⟹ p[q]

ρ[0] =

ρ[0, q1] 0 ⋯
0 ρ[0, q2] 0 ⋯
0 0 ρ[0, q3] ⋯
⋯

ρvac. = |0⟩⟨0 | satisfies

• tracing over the left sector we find so  decomposes into blocks of definite R chargeRρ[0]

• associated  von Neumann entropy receives two contributions

associated with classical probability distribution



Entanglement in the soft sector

⟨0 | R𝒪⋯R𝒪 |0⟩ =
∫ iτ=2π

iτ=0
ℰ[A] e−I2π[A] R𝒪⋯R𝒪

RZ2π
= ∫ ℰ[q] p[q] tr (R𝒪⋯R𝒪 Rρ[0,q])

Consider correlator of R operators in the global vacuum:



Entanglement in the soft sector

⟨0 | R𝒪⋯R𝒪 |0⟩ =
∫ iτ=2π

iτ=0
ℰ[A] e−I2π[A] R𝒪⋯R𝒪

RZ2π
= ∫ ℰ[q] p[q] tr (R𝒪⋯R𝒪 Rρ[0,q])

• insert the identity in           as an integral over sectors of definite  R𝒬1.

1 = ∫ ℰ[q]δ(q − z ⋆ π*∂RΣ ⋆ F)

1.

Consider correlator of R operators in the global vacuum:



Entanglement in the soft sector

⟨0 | R𝒪⋯R𝒪 |0⟩ =
∫ iτ=2π

iτ=0
ℰ[A] e−I2π[A] R𝒪⋯R𝒪

RZ2π
= ∫ ℰ[q] p[q] tr (R𝒪⋯R𝒪 Rρ[0,q])

• insert the identity in           as an integral over sectors of definite  R𝒬1.

1 = ∫ ℰ[q]δ(q − z ⋆ π*∂RΣ ⋆ F)

1.

• shift the integration variable A = A′ + RAE

⟨0 | R𝒪⋯R𝒪 |0⟩ = ∫ ℰ[q]e−I2π[RAE] R𝒞
π*∂RΣ*F=0

, R𝒞
π*∂RΣ*F=0

=
∫ iτ=2π

iτ=0
ℰ[A] e−I2π[A]δ(π*∂RΣ * F)R𝒪′ ⋯

RZ2π
.

Consider correlator of R operators in the global vacuum:



Entanglement in the soft sector

⟨0 | R𝒪⋯R𝒪 |0⟩ = ∫ ℰ[q]e−I2π[RAE] R𝒞
π*∂RΣ*F=0

= ∫ ℰ[q] p[q] tr (R𝒪⋯R𝒪 Rρ[0,q])

Setting: R𝒪 = I ⟹

R𝒪 = R𝒬 ⟹

RZβ = RZE
β

RZβ[0], RZE
β = ∫ ℰ[q]e−Iβ[RAE]

p[q] =
e−I2π[RAE[q]]

RZE
β

R𝒞
π*∂RΣ*F=0

=
∫ iτ=2π

iτ=0
ℰ[A] e−I2π[A]δ(π*∂RΣ * F)R𝒪′ ⋯

RZ2π

Path integral in zero charge sector:

2.



Entanglement in the soft sector

⟨0 | R𝒪⋯R𝒪 |0⟩ = ∫ ℰ[q]e−I2π[RAE] R𝒞
π*∂RΣ*F=0

= ∫ ℰ[q] p[q] tr (R𝒪⋯R𝒪 Rρ[0,q])

Setting: R𝒪 = I ⟹

R𝒪 = R𝒬 ⟹

RZβ = RZE
β

RZβ[0], RZE
β = ∫ ℰ[q]e−Iβ[RAE]

p[q] =
e−I2π[RAE[q]]

RZE
β

R𝒞
π*∂RΣ*F=0

=
∫ iτ=2π

iτ=0
ℰ[A] e−I2π[A]δ(π*∂RΣ * F)R𝒪′ ⋯

RZ2π

Path integral in zero charge sector:

• Classical probability distribution of ``edge modes’’ given by

   on-shell action of conformally soft modes!

• Donnelly-Wall ``static’’ edge modes in R patch related to the

    log-mode constituents of CS modes by gauge transformation

2.



Bulk entanglement from CCFT

𝒦+ = − ∫
∞

0

dλ e−πλ

(2π)3

1 + λ2

2λ ∫ ϵ(2) L�̃�1−iλ ⋅ R𝒪1+iλ

⟨0 | ∙ |0⟩ = ⟨e−𝒦+−(𝒦+)†∙ ⟩LCFT,RCFT

⟨e−R𝒦 ∙ ⟩RCFT

R𝒦 = − ∫
∞

0

dλ e−2πλ

(2π)3

1 + λ2

2λ ∫ ϵ(2) R𝒪1−iλ ⋅ R𝒪1+iλ

Thermofield double vacuum  celestial amplitudes decompose in terms of L and R CFT correlators:⟹

• entangling operator:

• Bulk subregion   are in R; tracing L out eg . ∙ ⟹

• Build up flat spacetime/celestial amplitudes from interacting 2D CFTs?



Summary

• Conformal primary modes in subregions partitioning  into two halvesℐ+

• In 4D Maxwell theory = CFT. In CFT inversions  shadows: -  matters! 


                                                                                                   - asymptotic expansions and matching matter!

∼ iϵ

• Minkowski vacuum = TFD with respect to subregions in the non-soft sector

• Soft modes  constraint relating ``asymptotic’’ charges  of the subregions⟹ L𝒬, R𝒬

• In vacuum - fluctuations in  lead to Donnelly-Wall edge mode entropy; log CS modes  edge modesR𝒬 ∼



Outlook

• Generalize to (3+1)-d gravity — not conformal, but similar ``conformally soft’’ modes present

• Spacetime fluctuations?

• Infrared divergences and soft effective actions?

• Implications for black hole information paradox…?

• Edge modes and entanglement in Carroll FT?



Thank you!


