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Based on work (to appear soon) in collaboration with 


L. Freidel and F. Moosavian



By the pioneering work of Bargmann and Wigner, elementary particles are defined to be the 
irreducible unitary representations of the isometry group of a spacetime. [Bargmann, Wigner 1948]

The Lie algebras we are interested in are of the form of a semi-direct sum
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g = k n
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Abelian normal idealn =
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means that     acts on     by the Lie bracketn
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k
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This subalgebra has an important role in the study of representation theory of g

<latexit sha1_base64="/C8G2J6QDuaoHSWc8nkE30hxr/w="></latexit>

• Casimir elements of a Lie algebra provide a convenient way to distinguish 
irreducible representations of a Lie algebra    .g
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The corresponding physical quantities are given by the value of Casimir elements in a representation      ofR
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Ex. : Poincaré, BMS (and its extension), conformal Carrollian symmetries 

For               ,  the isotropy algebra is defined asp 2 n⇤
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iso(p) :=
�
u 2 k

�� ad⇤u p = 0
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We can study physical theories in a fixed spacetime      :M

<latexit sha1_base64="LTkuryXeCFGsoEa3K4qZweZ8KQo="></latexit>

We can define elementary particles with respect to            , the isometry group of the spacetime.g[M ]

<latexit sha1_base64="HRgHHmin/VrUT12ZKcd28FPeUrQ="></latexit>

Casimir elements of             can be used to define the conserved quantities of the theory.g[M ]

<latexit sha1_base64="HRgHHmin/VrUT12ZKcd28FPeUrQ="></latexit>

• Excluding gravity



• Including gravity

In quantum gravity, there is no fixed spacetime and the study its isometry group à la Bargmann–Wigner 
to define elementary particles as its irreducible unitary representations do not make much sense.

         
However, one can fix the asymptotic structure        and define the asymptotic symmetry group as those 

elements of the bulk diffeomorphisms that preserve        :
    Isometry group replaced by the asymptotic symmetry group that act on the gravitational phase space.

S1
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S1
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The view of defining fundamental excitations in gravity as irreducible unitary representations 
of an asymptotic symmetry group has been advocated by [McCarthy 1973]

Conserved quantities in the presence of gravity can be defined with respect to relevant 
asymptotic symmetries, via their Casimir elements (using the notion of moment-map): 

Generalization of the familiar example of the Poincaré algebra.
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Outline

1. Poincaré algebra
• Pauli–Lubanski pseudo-vector 

2. Issues with BMS algebra
• Absence of spin generator

3. GBMS algebra
• Coadjoint orbits and Casimir functionals

4. Spin generator
• Isotropy algebra and its finite dimensional subalgebra

5. GBMS moment map
•  Gravitational Casimirs

4



1. Poincaré algebra

The isometry group of the 4D Minkowski spacetime  is the Poincaré algebra
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Translations generatorsPµ =

<latexit sha1_base64="Eeqy1TLMQfo51XFYnfel839yisE="></latexit>

Angular momentum generating Lorentz transformationsJµ⌫ =

<latexit sha1_base64="d3QjoyKjYhFQY73X+Bgic6cuv74="></latexit>

Casimir elements:

bC2(iso(3, 1)) = �PµP
µ , bC4(iso(3, 1)) = WµW

µ
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[Pµ,P⌫ ] = 0, [Jµ⌫ ,P⇢] = i(⌘µ⇢P⌫ � ⌘⌫⇢Pµ),

[Jµ⌫ ,J⇢�] = i(⌘µ⇢J⌫� + ⌘⌫�Jµ⇢ � ⌘µ�J⌫⇢ � ⌘⌫⇢Jµ�),

<latexit sha1_base64="zF1X6aeDUDDE1NOqQ1gPiK+Y1OY="></latexit>

iso(3, 1) = so(3, 1) R4
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1. Invariant under translation and it transforms as a vector under Lorentz transformations 

[Pµ,W⌫ ] = 0, [Jµ⌫ ,W⇢] = i(⌘⌫⇢Wµ � ⌘µ⇢W⌫)

<latexit sha1_base64="qrLQp3ui4RLDu3DgfoXE4Vrsaos="></latexit>

 it satisfies the algebra [Wµ,W⌫ ] = i"µ⌫⇢�P
⇢W �

<latexit sha1_base64="g7AZLJP8WLcfsZwS9lf3JRZlyTg="></latexit>

Wµ :=
1

2
"µ⌫⇢�P

⌫J⇢�
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• Pauli—Lubanski pseudo-vector
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• Pauli—Lubanski pseudo-vector

2. Is orthogonal to the 4-momentum operator                            . Moreover, if we diagonalize        and 

evaluate          when                   we find that it satisfies 

the isotropy subalgebra             of Lorentz transformation preserving the vector       :kµ
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.         as one of the Casimir elements of the Poincaré algebra provides an 

unambiguous definition of the spin of a particle in any special-relativistic system

W 2

<latexit sha1_base64="TFB8wRYAmobq8Asx+pW5MSPaH4U="></latexit>



Figure credit: 
[Ashtekar, De Lorenzo, Khera, gr-qc/1910.02907]

2. Issues with BMS algebra

proper orthochronous Lorentz subgroup

Abelian ideal of supertranslations

BMS = SO(3, 1)" n RS
�1
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• Supertranslation ambiguity [Sachs, 1962]; [Geroch, 1977]:

bms does not have a canonical Lorentz subalgebra in the presence of radiation

It appears that enlarging Poincaré to BMS creates a problem…

Given a cut C located at u = TC(�)
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and a CKV Y A@A 2 TS
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canonical Lorentz generators are represented by

⇠CY := Y A@A + Y A@ATC@u +
1

2
DAY

A(u� TC)@u

<latexit sha1_base64="rob/Hz5B+o9V7USsVDvDfF8eB/c="></latexit>

tangent to C

2 different cuts lead to two different notion of Lorentz generator related to 
each other by a supertranslation with parameter                             .          �T = TC � TC0

<latexit sha1_base64="hk4xPSRqIrIXNKQ2ZWoaGf9ZkaA="></latexit>
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(S, q̊AB) ,
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only determines an equivalence class [jA] , j0A = jA +DB⌧BA
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symmetric traceless tensor

Given a cut C located at u = TC(�)
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• Absence of spin generator

A generic supertranslation would have the group        as its little group 
and hence we cannot associate any Casimir element to it

Z2
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Possible little groups of the BMS group (          double covering group of           )� =
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so(2)
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[McCarthy 1973]

Isotropy group Fixed Points

Z2 m(z, z̄)

� m(|z|)

SU(2) m0
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• Absence of spin generator

A generic supertranslation would have the group        as its little group 
and hence we cannot associate any Casimir element to it

Z2
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No natural way to define the Pauli–Lubanski and spin generators from bms

<latexit sha1_base64="gqhll/QVuNFXWrmIK2W74XJmJak="></latexit>

➥

If the mass aspect is in the orbit of the constant mass aspect, there is an SU(2) isotropy group:
recently used in [Compère, Gralla, Wei 2023] to define the spin in scattering problems

It turns out that BMS is actually too small!

Possible little groups of the BMS group (          double covering group of           )� =
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3. GBMS algebra (to the rescue)

 Method of coadjoint orbits =  Classical analog of the representation theory [Kirillov 1976]

2. This allows us to purely work at the algebraic level i.e. with (the dual of)            , instead of using phase 
space generators, to construct (classical) conserved quantities                                  for            -action

gbms
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gbms
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O 2 C1(gbms⇤)
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3.  Pull these Casimir functionals back to the phase space through the moment-map

GBMS has a desired feature that makes it suitable for the definition of PL and spin generators, 
i.e. it has a suitable isotropy algebra with an infinite set of Casimir functionals

1. There exists a moment-map                                       for            -action on gravitational phase space.gbms
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µgbms : � ! gbms⇤
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Lie bracketgbms
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[⇠(Y1,T1), ⇠(Y2,T2)]gbms = ⇠(Y12,T12)

<latexit sha1_base64="kgxEkQibwnmfNTHRs0X5HIEmxts="></latexit>

Y12 = [Y1, Y2]S ,

T12 = (Y1[T2]� T2WY1)� (Y2[T1]� T1WY2)
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Given the spacetime vector field on I+
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⇠(Y,T ) = T (�)@u + Y A(�)@A +WY (�)(u@u � r@r) , WY :=
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2
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A
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! gbms = di↵(S) RS
�1
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space of functions on the celestial sphere of conformal weight �
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[Campiglia, Laddha 2014];

[Compere, Fiorucci, Ruzziconi 2018]
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[Campiglia, Laddha 2014];

[Compere, Fiorucci, Ruzziconi 2018]

T 2 V(�1,0) , Y 2 V(�1,�1)
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�Y O(�,s) = LY [O(�,s)] + (�� s)WY O(�,s), 8 O(�,s) 2 V(�,s)
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✏ :=
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qd2� ,

<latexit sha1_base64="DPera31TAptUaTm9bvg2CM5xuNE="></latexit>

with
Z

S
✏ = 1
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�(Y,T )
p
q = 0 = �(Y,T )✏
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Choice of an area form preserved by gbms :
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V(�,s) =
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(symmetric and traceless contravariant tensor               )⌧A1···As

<latexit sha1_base64="Kp4rwSnzg3HhGYs2bnq+N4ZG5oU="></latexit>

[Freidel, DP, Raclariu 2021]



Mass aspect (scalar dual to     )T
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Angular momentum aspect (one form dual to                       )Y = Y A@A
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•            coadjoint action ?
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Canonical charges: MT :=

Z

S
Tm ✏, JY =

Z

S
Y AjA ✏
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h·|·i : gbms⇥ gbms⇤ ! R
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Canonical pairing hj,m|Y, T i = MT + JY
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See [Barnich, Ruzziconi 2021]  for coadjoint orbit study of EBMS group and [Ciambelli, Leigh 2022] for the corner symmetry group?
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 infinitesimal coadjoint action of (Y, T ) 2 gbms

<latexit sha1_base64="34FCKIeurlB6GAMsqbu+7U60Tww="></latexit>

on (j,m) 2 gbms⇤ :
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<latexit sha1_base64="HyMcjuYFlqW9sPT8ggnXdtoaxIc="></latexit>

11

See [Barnich, Ruzziconi 2021]  for coadjoint orbit study of EBMS group and [Ciambelli, Leigh 2022] for the corner symmetry group?
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�(Y,T )m = Y A@Am+ 3WY m,

�(Y,T )jA = LY jA + 2WY jA +
3

2
m@AT +

T

2
@Am
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➥
m 2 V(3,0) , jA 2 V(3,1)
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(Tm+ Y AjA) 2 V(2,0)

<latexit sha1_base64="IPrglH+mIW3hlzOPuE9lycexd80="></latexit>



• Casimir functionals

Symmetry algebra of 2-dimensional barotropic fluids [Marsden, Ratiu and Weinstein, 1984], [Arnold, Khesin, 1999]

h := di↵(S) RS
0

<latexit sha1_base64="+lvydrsRCiF1gwOAihkHSzdEC+M="></latexit>

variables parametrizing h⇤ :

<latexit sha1_base64="xoFLKiogwT8GCAY7jvBykPVtT54="></latexit>

⇢ 2 V(2,0)

<latexit sha1_base64="tdqf/Ls0/AQ9BvpVLJQ72O/WakU="></latexit>

Density pA 2 V(1,1)

<latexit sha1_base64="jkEUKJOAsMdLH7FsgwP5bxvinzQ="></latexit>

Momentum

Casimirs for this algebra constructed in [Donnelly, Freidel, Moosavian, Speranza, 2021]: 

wFluid := dp

<latexit sha1_base64="C1M6UJV6pxOfzeK+041cIiMJ/Jo="></latexit>

Enstrophies = moments of the vorticity

12
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wFluid := dp

<latexit sha1_base64="C1M6UJV6pxOfzeK+041cIiMJ/Jo="></latexit>

Enstrophies = moments of the vorticity

⇢ := m
2
3 2 V(2,0), pA := ⇢�1jA 2 V(1,1)

<latexit sha1_base64="OCkwJJbw1zZPhI4gVYmzyl3VfsE="></latexit>

�T ⇢ = 0 , �Y ⇢ = DA(⇢Y
A)

<latexit sha1_base64="yVU9BzeIKoO49yvXMcV648MsjhE="></latexit>

and �T pA =
3

2
@A(

p
⇢T ), �Y pA = LY pA

<latexit sha1_base64="eoU61n5xcxutmJgJncx86lXGuts="></latexit>

Vorticity w := ⇢�1✏AB@ApB ,

<latexit sha1_base64="iDpOkz4cMDlVkXWYytDZdlWVbH8="></latexit>

✏ =
1

2
✏ABd�

A ^ d�B

<latexit sha1_base64="RPCPr36XLjq1mfGEjD1nl8ghYCs="></latexit>

where and �Tw = 0 , �Y w = Y [w]

<latexit sha1_base64="ZGc+Jz3iiZuiNRZ5VzWpXRONtl0="></latexit>

Cn(gbms) :=

Z

S
wn⇢✏

<latexit sha1_base64="WD45SSK+KeNwuOMd4djX7MK4DgI="></latexit>

Casimir functionals s.t. �(Y,T )Cn(gbms) =

Z

S
DA(w

n⇢Y A)✏ = 0

<latexit sha1_base64="B88QgY/1sSV9ArEFTtf88F2Efmc="></latexit>
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13

To determine the isotropy algebra of            , we choosegbms

<latexit sha1_base64="XF/LiXmQuVNSOp/4GpACJgUNfXw="></latexit>

m 2 (R�1)
⇤

<latexit sha1_base64="ITOC55IEucxuuvOALV3Nc6cytSo="></latexit>

and study those             transformations that preserves it:gbms

<latexit sha1_base64="XF/LiXmQuVNSOp/4GpACJgUNfXw="></latexit>

�(Y,T )m = Y A@Am+ 3WY m =
3m

1
3

2
div⇢(Y ) = 0 ,

<latexit sha1_base64="9U3A26zgTfeOy4/XLtms07LJP1w="></latexit>

rescaled measure div⇢(Y ) :=
1

⇢
@A

�
⇢Y A

�

<latexit sha1_base64="RqaC9zw/FJbZPzWgyxtRYN28Nr4="></latexit>

⇢ := ⇢✏ = m
2
3 ✏

<latexit sha1_base64="g0IRx4oZwCRnU4ok9y06gHFVjIY="></latexit>

and

4. Spin generator
•  Isotropy subalgebra
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�
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⇢ := ⇢✏ = m
2
3 ✏

<latexit sha1_base64="g0IRx4oZwCRnU4ok9y06gHFVjIY="></latexit>

and

The isotropy subalgebra of             is the one that preservesgbms

<latexit sha1_base64="XF/LiXmQuVNSOp/4GpACJgUNfXw="></latexit>

⇢ :

<latexit sha1_base64="hYITOlp4ykJ4EtxlYgHnLdwpRJA="></latexit>

!

<latexit sha1_base64="rgeuFnk7OrU4CMxo97BwPDR3xn4="></latexit>

iso(gbms) = sdi↵⇢(S) RS
�1

<latexit sha1_base64="quukCjeaFeQuQSbGjI8fjfbRFok="></latexit>

generated by vector fields Y� := �⇢�1✏AB@A�@B , � 2 C1(S)

<latexit sha1_base64="LEBXEBawCL5g5u1Ps9Fa1MDG3Jg="></latexit>

4. Spin generator
•  Isotropy subalgebra

with Lie bracket [Y�, Y ]S = Y{�, }⇢
, {�, }⇢ := ⇢�1✏AB@A�@B 

<latexit sha1_base64="Exc7MtwSM6mX3WU44EzMhV7aVhI="></latexit>

Poisson bracket on     equipped with a rescaled symplectic structureS

<latexit sha1_base64="tkJgWRpBAcFIyHm0y0Weh1SqQUI="></latexit>



Consider a smeared version of the vorticity

w[�] :=

Z

S
�⇢w✏ =

Z

S
� ✏AB@ApB ✏, � 2 C1(S)

<latexit sha1_base64="QYTGTJy0/jLXwEdJgEHRoxUymIY="></latexit>

transformation properties under gbms :

<latexit sha1_base64="UKKo+IbuVVw6Xnu0ejxcpkI6IpM="></latexit>

�Tw[�] = 0, �Y w[�] = �w[Y [�]]

<latexit sha1_base64="Q3v3lpoSKnIn81zysrggaKtmbis="></latexit>

w[�]

<latexit sha1_base64="Ekn2UdWzbfjjqMjhaEcdO9kF5GQ="></latexit>

implements the action of sdi↵⇢(S)

<latexit sha1_base64="xf1YzbyHQnl3UXxzJD8FUd4mOoE="></latexit>

on gbms⇤

<latexit sha1_base64="ioFROPzGRRgRrPpgepVDkcUsYGo="></latexit>

�
w[�], w[ ]

 
g⇤

= �w[{�, }⇢]

<latexit sha1_base64="M1T8rsV3lVqClIv5AFL+r4Mm3y4="></latexit>

!

<latexit sha1_base64="rgeuFnk7OrU4CMxo97BwPDR3xn4="></latexit>

14



Consider a smeared version of the vorticity

w[�] :=

Z

S
�⇢w✏ =

Z

S
� ✏AB@ApB ✏, � 2 C1(S)

<latexit sha1_base64="QYTGTJy0/jLXwEdJgEHRoxUymIY="></latexit>

transformation properties under gbms :

<latexit sha1_base64="UKKo+IbuVVw6Xnu0ejxcpkI6IpM="></latexit>

�Tw[�] = 0, �Y w[�] = �w[Y [�]]

<latexit sha1_base64="Q3v3lpoSKnIn81zysrggaKtmbis="></latexit>

w[�]

<latexit sha1_base64="Ekn2UdWzbfjjqMjhaEcdO9kF5GQ="></latexit>

implements the action of sdi↵⇢(S)

<latexit sha1_base64="xf1YzbyHQnl3UXxzJD8FUd4mOoE="></latexit>

on gbms⇤

<latexit sha1_base64="ioFROPzGRRgRrPpgepVDkcUsYGo="></latexit>

1.            is invariant under supertranslationsw[�]

<latexit sha1_base64="Ekn2UdWzbfjjqMjhaEcdO9kF5GQ="></latexit>

2.            generates the isotropy algebra ofw[�]
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•  Finite dimensional subalgebra

15

Given an orientation preserving diffeomorphism of the sphere F : S ! S

<latexit sha1_base64="lfxLMLHwLyu3JbOEqXgwbaVjv94="></latexit>

we can construct a density

and the mass aspect, the curvature tensor and the angular momentum aspect transform as

⇢F =
1

2
✏AB@AF

C@BF
D(✏CD � F )

<latexit sha1_base64="yxR5h9f2523ndeOmbhMhNLGXR9A="></latexit>

F ⇤✏ = ⇢F ✏

<latexit sha1_base64="ZcyhPjeroN5wg9Y/nmy9lzTFxQM="></latexit>

s.t. and

m ! mF := ⇢
3
2
F m � F,

R ! RF := ⇢FR � F + ⇢F� ln ⇢F

<latexit sha1_base64="XwHqIEOurta6sIwQtA3pcWgLKKk="></latexit>

jA ! jFA := ⇢F (jB � F )@AF
B

<latexit sha1_base64="v7wdmzX4MUWtLEzt+ANdIY9SqSo="></latexit>



•  Finite dimensional subalgebra

mB = MCM⇢
3
2

F�1 , RCM = ⇢F (R
B +� ln ⇢F )

<latexit sha1_base64="fN5MT2iS95hTRilwGKMI6G+c9t8="></latexit>

15

Therefore, two frames are related by a diffeomorphism F : SCM ! SB

<latexit sha1_base64="gYERLdXOJQkcqJY+i6jGZsOqYdY="></latexit>

under which

Given an orientation preserving diffeomorphism of the sphere F : S ! S

<latexit sha1_base64="lfxLMLHwLyu3JbOEqXgwbaVjv94="></latexit>

we can construct a density

and the mass aspect, the curvature tensor and the angular momentum aspect transform as

⇢F =
1

2
✏AB@AF

C@BF
D(✏CD � F )

<latexit sha1_base64="yxR5h9f2523ndeOmbhMhNLGXR9A="></latexit>
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s.t. and

m ! mF := ⇢
3
2
F m � F,

R ! RF := ⇢FR � F + ⇢F� ln ⇢F

<latexit sha1_base64="XwHqIEOurta6sIwQtA3pcWgLKKk="></latexit>

jA ! jFA := ⇢F (jB � F )@AF
B

<latexit sha1_base64="v7wdmzX4MUWtLEzt+ANdIY9SqSo="></latexit>

Notions of preferred frames:

Bondi frame @AR
B = 0, @Am

B 6= 0

<latexit sha1_base64="B38R0DM4857LARjIiR3XtWE68uI="></latexit>

@Am
CM = 0 , @AR

CM 6= 0 , jCMA = j0✏A
B@Bn3

<latexit sha1_base64="eQbsN9kD6seIt525MmhatFOiBoI="></latexit>

Center-of-mass frame
[Flanagan, Nichols 2015]



The boost yields a transformation given by

16

F i
v(n) = n0i = ↵�1

v

✓
ni +


�vvjnj

�v + 1
� 1

�
�vv

i

◆

<latexit sha1_base64="bcsTtILxKiHDje4HpL4InBpMtQ4="></latexit>

Let us consider a boost operator that maps the rest frame vector                              onto 

a unit vector in the hyperboloid of velocity                                             :

tµ = (1, 0, 0, 0)

<latexit sha1_base64="/4nkulT7iN1s2tcjfe29FxkWXK8="></latexit>

v 2 R3 : Pvµ = �v(1, vi)

<latexit sha1_base64="WOiOpxQCrBDb0j8ZVl5w1CDgqOA="></latexit>

andwith ni = (sin ✓ cos', sin ✓ sin', cos ✓)

<latexit sha1_base64="xBPN+LaD1GXSIisNSbhWr9lLfJM="></latexit>

⇢Fv =
1

�2
v(1� vini)2

<latexit sha1_base64="ezdCSibaJDQWFgInS7IHlQzCsg0="></latexit>
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<latexit sha1_base64="xBPN+LaD1GXSIisNSbhWr9lLfJM="></latexit>

⇢Fv =
1

�2
v(1� vini)2

<latexit sha1_base64="ezdCSibaJDQWFgInS7IHlQzCsg0="></latexit>

mv(n) =
mCM

[�v(1� vini)]3

<latexit sha1_base64="GTLgBsTk4aAzDcAeEA01AYm0PW0="></latexit>

In particular, this means that the mass aspect of a particle with velocity     is given by v

<latexit sha1_base64="9O8dW/MjO+pe9GkeOljAgh0kmfM="></latexit>

expression for the Bondi mass aspect in any general boosted frame [Bondi, van der Burg, Metzner, Sachs 1962],

M :=

✓Z

S
m

2
3

◆ 3
2

<latexit sha1_base64="IVZ5oXQ4AQxtysWMoR5ldlh/qPo="></latexit>

define the total mass 
(Casimir of            )gbms

<latexit sha1_base64="XF/LiXmQuVNSOp/4GpACJgUNfXw="></latexit>

mass aspect in the center-of-mass frame ⇢CM = M
2
3

<latexit sha1_base64="Q+BhP3DEw8SRirjpUoKfS4hNHko="></latexit>

!

<latexit sha1_base64="EkADHir2U2FzB7urqffK7rScX8o="></latexit>



with Y A
Ji

:= ✏AB@Bni , Y A
Ki

:= qAB@Bni

<latexit sha1_base64="3vx9Up0NqBuhVuEfTeQPyuAv7hY="></latexit>

satisfying DAYB +DBYA =
1

2
DCY

CqAB

<latexit sha1_base64="yZy1AbRP5tQce68JvJamQbYK3wc="></latexit>

17

rotation and boost generators Ji :=

Z

S
Y A
Ji

jA , Ki :=

Z

S
Y A
Ki

jA ,

<latexit sha1_base64="nmKBIkGLzn/XyrbS5Yu8tu+mXDI="></latexit>

Four-momentum with P0 :=

Z

S
m✏ , Pi :=

Z

S
ni m✏

<latexit sha1_base64="RBYn8BN669/kd2XFWFVS47xBwDY="></latexit>

Pµ := (E,Pi)

<latexit sha1_base64="FnZxR2SiMsT11yCyOserBSPa/bw="></latexit>

Poincaré embedding:
[Barnicha, Troessaert 2011];

[Flanagan, Nichols 2015];

[Compère, Oliveri, Seraj 2019]

{Pµ, P⌫}g⇤ = 0 ,

{Pµ, J⌫⇢}g⇤ = ⌘µ⌫P⇢ � ⌘µ⇢P⌫ ,

<latexit sha1_base64="Q00+KKsCferOJ24qMJmz5mLZ6Pw="></latexit>

{Ji, Jj}g⇤ = �"ij
kJk,

{Ji,Kj}g⇤ = �"ij
kKk,

{Ki,Kj}g⇤ = +"ij
kJk

<latexit sha1_base64="RZ4GQL98vKVjPAAFl/Qx6RuSmCs="></latexit>

➥
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<latexit sha1_base64="Q00+KKsCferOJ24qMJmz5mLZ6Pw="></latexit>

{Ji, Jj}g⇤ = �"ij
kJk,

{Ji,Kj}g⇤ = �"ij
kKk,

{Ki,Kj}g⇤ = +"ij
kJk

<latexit sha1_base64="RZ4GQL98vKVjPAAFl/Qx6RuSmCs="></latexit>

➥

• Satisfying the algebra {Wvµ,Wv⌫}g⇤ = "µ⌫⇢�P
⇢
vW

�
v

<latexit sha1_base64="eQozi0TKy9MVR/UjucTlCdnWK6k="></latexit>

• Supertranslation invariant {Pµ,Wv⌫}g⇤ = 0

<latexit sha1_base64="cNsXSGpo0/sfMZ+UgChOwsguIPQ="></latexit>

• Covariant under Lorentz transformations {Jµ⌫ ,Wv⇢}g⇤ = (⌘⌫⇢Wvµ � ⌘µ⇢Wv⌫)

<latexit sha1_base64="5ufT1zOlvTMlWuI4yriSB0yjrdE="></latexit>

withPauli–Lubanski generator Wvµ := ⇢CM
1
2w[⇢

1
2
v nµ]

<latexit sha1_base64="0jfFti5AJ55mV66UKqt7SWMSyAA="></latexit>

⇢v =
⇢CM

�2
v(1� vini)2

<latexit sha1_base64="yE1dF1c9dg1F/ti904Y43Dg8R9g="></latexit>



18

5. GBMS moment map

To connect these GBMS algebraic results with the gravitational physics, one has to identify

(1) the appropriate phase space on which             acts by a Hamiltonian action 

(2) the momentum map for this Hamiltonian action

gbms

<latexit sha1_base64="KVPJDLaVImbBlCphzcmWEnxn6kM="></latexit>

Asymptotic expansions of Well scalars around future null infinity:

Outgoing radiation at I+

<latexit sha1_base64="64RlMtahfCcloWxLp4XdkcvmgsU="></latexit>

Incoming radiation

 0 =
1X

s=0

 (s)
0

r5+s
,  1 =

 0
1

r4
+O(r�5) ,  2 =

 0
2

r3
+O(r�4) ,  3 =

 0
3

r2
+O(r�3) ,  4 =

 0
4

r
+O(r�2)

<latexit sha1_base64="g2mzl03H+bBUmaVJP8NKGo7ZBBQ="></latexit>

 0
4 = N ,  0

3 = I ,  0
2 = MC ,  0

1 = J ,  (0)
0 = T

<latexit sha1_base64="UH02irw9Qag3VAMcS6GsCE9PF5g="></latexit>

where

NAB := C̈AB , IA :=
1

2
DBN

AB +
1

4
@AR , MC = M+ iM̃ , M := M +

1

8
NABCAB

<latexit sha1_base64="OxboqF0VyJhizGQEQuMH2HlTdo4="></latexit>



18

5. GBMS moment map

To connect these GBMS algebraic results with the gravitational physics, one has to identify

(1) the appropriate phase space on which             acts by a Hamiltonian action 

(2) the momentum map for this Hamiltonian action

gbms

<latexit sha1_base64="KVPJDLaVImbBlCphzcmWEnxn6kM="></latexit>

Asymptotic expansions of Well scalars around future null infinity:

Outgoing radiation at I+

<latexit sha1_base64="64RlMtahfCcloWxLp4XdkcvmgsU="></latexit>

Incoming radiation

 0 =
1X

s=0

 (s)
0

r5+s
,  1 =

 0
1

r4
+O(r�5) ,  2 =

 0
2

r3
+O(r�4) ,  3 =

 0
3

r2
+O(r�3) ,  4 =

 0
4

r
+O(r�2)

<latexit sha1_base64="g2mzl03H+bBUmaVJP8NKGo7ZBBQ="></latexit>

 0
4 = N ,  0

3 = I ,  0
2 = MC ,  0

1 = J ,  (0)
0 = T
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1

2
DBN

AB +
1

4
@AR , MC = M+ iM̃ , M := M +

1

8
NABCAB

<latexit sha1_base64="OxboqF0VyJhizGQEQuMH2HlTdo4="></latexit>

Electric and strongly non-radiative phase space �ESNR :

<latexit sha1_base64="IivzRl8ZG3kmWom0WlpNXhmxLIQ="></latexit>

NAB = 0 , IA = 0 , M̃ = 0

<latexit sha1_base64="wwMuVuk4zqrx/znjrDErwS5da9A="></latexit>

NAB = nAB , CAB = unAB + cAB

<latexit sha1_base64="r5Wu6AgojesC9Pw3n2u0/9SCxOc="></latexit>



Conserved charges under the time evolution in �ESNR :

<latexit sha1_base64="IivzRl8ZG3kmWom0WlpNXhmxLIQ="></latexit>

Q(⌧,�,⇣) :=

Z

S

✓
⌧M+

1

2
�AJA +

1

3
⇣ABTAB

◆
✏

<latexit sha1_base64="A7teD9r+DYJ48OlNMbyCRZ+qrOA="></latexit>

@uQ(⌧,�,⇣) = 0

<latexit sha1_base64="OtvyEvn7qpUHzS/ciAnK5HQwutU="></latexit>

demanding

⇣AB(u) = ZAB ,

�A(u) = Y A +
2u

3
DBZ

AB ,

⌧(u) = T +
u

2
(DAY

A � ZABcAB) +
u2

6
DADBZ

AB � 1

4
u2ZABnAB

<latexit sha1_base64="JLN/VwEnjTTxbqQM3WXCV4r07k0="></latexit>

!

<latexit sha1_base64="RAMqYlSWZXdjpxUJ4ZdiXbh62LU="></latexit>
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Conserved charges under the time evolution in �ESNR :

<latexit sha1_base64="IivzRl8ZG3kmWom0WlpNXhmxLIQ="></latexit>
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1
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3
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◆
✏

<latexit sha1_base64="A7teD9r+DYJ48OlNMbyCRZ+qrOA="></latexit>
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3
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2
(DAY

A � ZABcAB) +
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u2ZABnAB

<latexit sha1_base64="JLN/VwEnjTTxbqQM3WXCV4r07k0="></latexit>

!

<latexit sha1_base64="RAMqYlSWZXdjpxUJ4ZdiXbh62LU="></latexit>
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withQ(Y,T,Z) =

Z

S

�
Tm+ Y AjA + ZABtAB

�
✏

<latexit sha1_base64="WCQGHMp40TPilgZs5WaUwQ+tIys="></latexit>

m = M ,

jA =
1

2
[JA � uDAM] ,

tAB =
1

3


TAB � uDhAJBi +

u2

2
DhADBiM� 3

2
(@�1

u CAB)M
�

<latexit sha1_base64="fZ9nFXWkKr+RCAj5uVt78CsNALs="></latexit>

[Compere, Fiorucci, Ruzziconi 2018]; [Freidel, DP 2021]; [Donnay, Ruzziconi 2021]



-action on the conserved charge aspects parametrizinggbms

<latexit sha1_base64="KVPJDLaVImbBlCphzcmWEnxn6kM="></latexit>

�ESNR

<latexit sha1_base64="LZWLO6GrokN9xY2rZzANwn6Y/8U="></latexit>

20

�(Y,T )m = [LY + 3WY ]m ,

�(Y,T )jA = [LY + 2WY ] jA +
3

2
m@AT +

T

2
@Am ,

�(Y,T )tAB = [LY +WY ] tAB +
8

3
jhA@BiT +

2

3
TDhAjBi

<latexit sha1_base64="00yGIuvbyt9Nc9PUNX8SCjVtfgI="></latexit>

µ : � ! g⇤

<latexit sha1_base64="nfqQfLTzYtQZuT9AaZvxP5n1u8o="></latexit>

s.t.

{F,G}g⇤ � µ = {F � µ, G � µ}�

<latexit sha1_base64="ox9j1kHA1GGpkIW8JcPpX/GIRtg="></latexit>

µgbms : �ESNR ! gbms⇤

<latexit sha1_base64="K3G5qtYDVaeq8q/AWVlC5vlD26c="></latexit>

Moment map

µgbms(m, jA, tAB) = (m, jA)

<latexit sha1_base64="M1WioXRy16NYfuQ/JMzObb3/p8U="></latexit>



-action on the conserved charge aspects parametrizinggbms
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�(Y,T )jA = [LY + 2WY ] jA +
3

2
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T

2
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8

3
jhA@BiT +

2

3
TDhAjBi

<latexit sha1_base64="00yGIuvbyt9Nc9PUNX8SCjVtfgI="></latexit>

µ : � ! g⇤

<latexit sha1_base64="nfqQfLTzYtQZuT9AaZvxP5n1u8o="></latexit>

s.t.

{F,G}g⇤ � µ = {F � µ, G � µ}�

<latexit sha1_base64="ox9j1kHA1GGpkIW8JcPpX/GIRtg="></latexit>

µgbms : �ESNR ! gbms⇤

<latexit sha1_base64="K3G5qtYDVaeq8q/AWVlC5vlD26c="></latexit>

Moment map

µgbms(m, jA, tAB) = (m, jA)

<latexit sha1_base64="M1WioXRy16NYfuQ/JMzObb3/p8U="></latexit>

•  Gravitational Casimirs

Gravitational vorticity

S[�] := µ⇤
gbmsw[�] =

1

2

Z

S
� ✏AB@A

⇣
M� 2

3JB

⌘
✏

<latexit sha1_base64="vQY6QEPcn3ikx+eSuDZjICwk4ts="></latexit>

Gravitational spin generator

w := µ⇤
gbmsw =

1

2
M� 2

3 ✏AB@A
⇣
M� 2

3JB

⌘

<latexit sha1_base64="57fGb4+R0iLmIknNK2LjNDup7JA="></latexit>

Cn(�ESNR) := µ⇤
gbmsCn(gbms) =

Z

S
M 2

3wn ✏

<latexit sha1_base64="5cHMkI4ZNwm0ZIUzmayuzVYrf3I="></latexit>
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Poincaré GBMS

Lie Group SO(3, 1)" n R4
Di↵(S)n RS

�1

Lie Algebra so(3, 1) R4 di↵(S) RS
�1

Lie Coalgebra

Elements
(jµ⌫ , pµ) (jA,m)

Type of Orbits Massive Massive

Label of Orbits �p2 > 0 m > 0

Isotropy Subalgebra so(3) R4 sdi↵⇢(S) RS
�1

Spin Generators wµ w[�]

Casimirs (�p2, w2
) Cn =

R
S ⇢wn✏ n = 0, 1, . . .

Table 1: The comparison between the Poincaré algebra in four dimensions

iso(3, 1) and gbms. In this table, ⇢ = ⇢✏ = m
2
3 ✏ is a rescaling of the round-sphere

area form ✏, wµ denotes the components of the Pauli–Lubański pseudo-vector,

and w[�] is the smeared vorticity with � 2 C1
(S).

<latexit sha1_base64="EnzlHq1UyWgn98mqTM2OKmP6tTo="></latexit>
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Pauli–Lubanski pseudo-vector in the component form W0 = J iPi, Wi = EJi � (P ⇥K)i

<latexit sha1_base64="UNiDAX88a934ulIDpfJcLaOf5v0="></latexit>

with rotation generators and boost generatorsPµ = (E,Pi) ,

<latexit sha1_base64="lzCGHkZJJNvUWqtNKWG5eHKT47c="></latexit>

Ji := " jk
i Jjk

<latexit sha1_base64="qydg+0G44zEJqlegas/Fdon9Auc="></latexit>

Ki := J0i

<latexit sha1_base64="t8bbO5SnXx9+3A17Z9GZibJyoRw="></latexit>

• Rest frame: pure boost transformation s.t.P rest
µ = (m,0)

<latexit sha1_base64="CJJhU7zUbvXDi14nQEN/PDqgEZQ="></latexit>

⇤P

<latexit sha1_base64="s7I6AKXY+Y/vLpqaeIceS08Sa8E="></latexit>

(P rest ·⇤P )µ = Pµ

<latexit sha1_base64="B/0tDKRuBvQUz+eaEysYEjQTqkA="></latexit>

• Intrinsic spin vector = Spatial components of the Pauli–Lubanski pseudo-vector in the rest frame

!

<latexit sha1_base64="n9xvnk6zz6s6pz/ELAr+t6s6R3Q="></latexit>

mSi := (W ·⇤�1
P )i

<latexit sha1_base64="NCx8ez93AagdUNY51yutLhm+rDc="></latexit>

Si =
1

m

✓
Wi �

JjP j

m+ E
Pi

◆

<latexit sha1_base64="liWBUwZ0G7BtgnsrDbaeyMgydn8="></latexit>

It satisfies but not preserved under boost[Pµ,Si] = 0 , [Si,Sj ] = i✏ij
kSk , [Ji,Sj ] = i✏ij

kSk

<latexit sha1_base64="GtQfu2yPSb03CqhGjqIwgxUJdB0="></latexit>

The intrinsic spin implements the action of the isotropy subalgebra so(3)

<latexit sha1_base64="OnZFJ3qiUgheHrUTRXD0n8aLf4w="></latexit>

of Poincaré and W 2 = m2SiS
i

<latexit sha1_base64="lyjvWzoB50MV+cwb/ZUf+A6N66Q="></latexit>

is uniquely determined by these conditions (see e.g [Bogolubov et al., “General principles of QFT” 1990])Si

<latexit sha1_base64="2qVpsojKLkk66Dwf/LeOfbyebMY="></latexit>



Bondi-Sachs coordinates xµ = (u, r,�A) :

<latexit sha1_base64="h+is8Wf0GIHuVVccBpMpz+Nj5ew="></latexit>

Weyl BMS group

l = @r

<latexit sha1_base64="2fWRN536cmhZafmepOyY1+y5fJE=">AAACCHicbVDLSgMxFM3UVx1fVZdugkVwVWZE0Y1QcKO7CvYBnaFkMpk2NMmEJCOUoT/gB7jVT3Anbv0Lv8DfMNPOQlsPXDicc1+cSDKqjed9OZWV1bX1jeqmu7W9s7tX2z/o6DRTmLRxylLVi5AmjArSNtQw0pOKIB4x0o3GN4XffSRK01Q8mIkkIUdDQROKkbFSwK4DiZShiA3UoFb3Gt4McJn4JamDEq1B7TuIU5xxIgxmSOu+70kT5sU+zMjUDTJNJMJjNCR9SwXiRIf57OcpPLFKDJNU2RIGztTfEzniWk94ZDs5MiO96BXif14/M8lVmFMhM0MEnh9KMgZNCosAYEwVwYZNLEFYUfsrxCOkEDY2JtcNYpIEKs6DYrPieTydujYZfzGHZdI5a/jnjYv783rzrsyoCo7AMTgFPrgETXALWqANMJDgGbyAV+fJeXPenY95a8UpZw7BHzifPxk5mkw=</latexit>

t

<latexit sha1_base64="/K3rmwD8eDgynNQnqM71i6L/DAg="></latexit>

t = @u

<latexit sha1_base64="fiZLNvgR9zjKdjVQV0Z+jSXkMUY="></latexit>

r = 1,

<latexit sha1_base64="iIoeJ6ojgH9BZYpzK/OHXyY7gA0="></latexit>

u = cst

<latexit sha1_base64="driqJKcqeCW4Kc641oQdxUOIzJw="></latexit>

r = cst

<latexit sha1_base64="UzjV3n4bBjvaSEs02PCXLJ5PaWk="></latexit>

I = R⇥ S2

<latexit sha1_base64="3OPK95WYejoqUJopIPgmQB77Dnc="></latexit>

BMSW boundary conditions:

Metric coefficients:

ds2 = �2e2�du(dr + �du) + r2�AB

✓
d�A � ⌥A

r2
du

◆✓
d�B � ⌥B

r2
du

◆

<latexit sha1_base64="MEdBcHy1ajQwd3Jn+XR702ZGtGQ="></latexit>
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The Bondi gauge conditions:

(i)grr = 0 , grA = 0 , @r
p
� = 0

<latexit sha1_base64="ntFAqmwRBqcJIfSG7RvbRHwMnQE="></latexit>

Original BMS boundary conditions:

[Bondi, van der Burg, Metzner, Sachs 1962]

guu = �1 +O(r�1), �AB =
�
qAB +O(r�1)

<latexit sha1_base64="5NpvZXFWWAQpgOU1zrEWzwknpAg="></latexit>

(ii)gur = �1 +O(r�2), guA = O(1), guu = O(1), �AB = O(1)

<latexit sha1_base64="1WwKuLxFd+onuh/94Jd1XXReMZs="></latexit>

� =
R(q)

4
� M

r
+ o

�
r�1

�
, � = � 1

32

CABCAB

r2
+ o

�
r�2

�
,

⌥A = �1

2
DBC

BA � 1

r

✓
2

3
PA � 1

2
CABDCCCB � 1

16
@A

�
CBCC

BC
�◆

+ o
�
r�1

�
,

�AB = qAB +
1

r
CAB +

1

4r2
qAB

�
CCDCCD

�
+

1

r3

✓
1

3
TAB +

1

16
CAB(CCDCCD)

◆
+ o

�
r�3

�
,

<latexit sha1_base64="J4GIqsqQ/3VOEVY8HYCZcRBWffE="></latexit>

Minkowski spacetime: M,PA, CAB , TAB ! 0 , R ! 2

<latexit sha1_base64="ibiB+XrmEcDx/r+d8l+M7Ow8jXo="></latexit>


