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Intro

(How spinning tops see gravitational waves)
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Underlying symmetries :
I Precession rate = current

of dual aspt symmetries
I Memory involves

electric-magnetic duality
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Minkowski in polar coordinates :

ds2 = −dt2 + dr2 + r2 habdθadθb
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Electromagnetic field A [Radial gauge Ar ≡ 0]

I A ∼ Ca dθa + 1
r DaCa du + · · ·

I Ca(u, θ)

= boundary data

I Radiation = news tensor ∂uCa

≡ Ċa
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≡ Ċa



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

ELECTRODYNAMICS AT NULL INFINITY

Minkowski in Bondi coordinates (u = t− r) :

ds2 = −du2 − 2 du dr + r2 habdθadθb

I Null infinity at r→∞

Electromagnetic field A [Radial gauge Ar ≡ 0]

I A ∼ Ca dθa + 1
r DaCa du + · · ·

I Ca(u, θ)

= boundary data

I Radiation = news tensor ∂uCa

≡ Ċa
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RADIATION CAUSES PRECESSION

Static observer with magnetic dipole M

= Mî êi

I Orientation in Cartesian frame e1̂, e2̂, e3̂

I Precession Ṁ = γ B×M [γ = gyromagnetic ratio]

I Solution = time-ordered exponential

= expansion in 1/r

Use source-oriented frame

er̂, {eâ}

I Fr̂â = precession transverse to ray [unimportant for us]

I Fâb̂ + quadratic term = precession around ray

Ω‖ ∼
γ

2r2

(
DaC̃a − γ ĊaC̃a

)
with C̃a = εa

b Cb dual boundary data
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I Fâb̂ + quadratic term = precession around ray

Ω‖ ∼
γ

2r2

(
DaC̃a − γ ĊaC̃a
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I Precession Ṁ = γ B×M [γ = gyromagnetic ratio]

I Solution = time-ordered exponential = expansion in 1/r

Use source-oriented frame

er̂, {eâ}
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I Fr̂â = precession transverse to ray [unimportant for us]
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I Orientation in Cartesian frame e1̂, e2̂, e3̂
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I Fr̂â = precession transverse to ray [unimportant for us]
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I Fr̂â = precession transverse to ray [unimportant for us]
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)
with C̃a = εa

b Cb dual boundary data



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

RADIATION CAUSES PRECESSION

Orientation memory =
∫

du Ω‖ involves
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I Canonical generator
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Precession caused by specific sources ?
I Point charge moving up and down

: Ω‖ = 0

I Rotating point charge

:
DaC̃a = 0 but ĊaC̃a ∼ ω v2

c2 cos θ ⇒ Ω‖ 6= 0 !

I Analogue for binary black holes ?

Ω‖ ∼
γ

2r2

(
DaC̃a − γ ĊaC̃a
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)



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

RADIATION CAUSES PRECESSION

Precession caused by specific sources ?
I Point charge moving up and down

: Ω‖ = 0
I Rotating point charge

:
DaC̃a = 0 but ĊaC̃a ∼ ω v2
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Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

METRIC AT INFINITY

Minkowski in Bondi coord (u = t− r) :

ds2 = −du2 − 2 du dr + r2 habdθadθb

I Null infinity at r→∞

Observer sees asymptotically flat metric :
mass angular mom

ds2 ∼ −
(
1 + · · ·

)
du2 −

(
2 + · · ·

)
du dr + (· · · )du dθa

+
(
r2hab + r Cab + · · ·

)
dθadθb

I Cab(u, θ)

= aspt shear of null rays

I Radiation = news tensor ∂uCab

≡ Ċab
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Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

METRIC DYNAMICS

Asymptotic solution of Einstein eqns ?

ds2 ∼ −
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du2 − (2 + · · · )du dr
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)
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(
r2hab + r Cab

)
dθadθb

I m(u, θ) = Bondi mass

= celestial energy density

I La(u, θ) = angular momentum

� shear

Dynamics ?

ṁ ∼ −Ċ2 (radiation carries energy)
L̇a ∼ 3DbĊbcCac + ĊbcDbCac (useful later)

I Shear Cab fixes everything
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L̇a ∼ 3DbĊbcCac + ĊbcDbCac (useful later)

I Shear Cab fixes everything



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

METRIC DYNAMICS

Asymptotic solution of Einstein eqns :

ds2 ∼ −
(
1 + · · ·

)
du2 − (2 + · · · )du dr

+
(
· · · · · · · · ·

)
du dθa +

(
r2hab + r Cab

)
dθadθb

I m(u, θ) = Bondi mass

= celestial energy density

I La(u, θ) = angular momentum

� shear

Dynamics ?
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L̇a ∼ 3DbĊbcCac + ĊbcDbCac (useful later)

I Shear Cab fixes everything



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

METRIC DYNAMICS

Asymptotic solution of Einstein eqns :

ds2 ∼ −
(
1− 2

r m
)
du2 − (2 + · · · )du dr

+
(
DbCab + 1

r La
)
du dθa +

(
r2hab + r Cab

)
dθadθb

I m(u, θ) = Bondi mass = celestial energy density
I La(u, θ) = angular momentum � shear

Dynamics = balance equations
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ṁ ∼ −Ċ2 (radiation carries energy)
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Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

SOURCE-ORIENTED FRAME

Freely falling observer at large r
I Geodesic eqn yields velocity v
I Fix v ∼ ∂u at infty

Observer carries gyroscope
I Measure orientation ?
I Build source-oriented tetrad

{e0̂ , er̂ , eâ}
↙ ↓ ↘

v ∼ ∂r−∂u ∼ 1
r Eâ

I Expand in 1/r

Note : Angular velocity va ∼ 1
r2 DbCab

I Radiation causes angular motion
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↙ ↓ ↘

v ∼ ∂r−∂u ∼ 1
r Eâ
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↙ ↓

↘

v ∼ ∂r−∂u

∼ 1
r Eâ
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I Expand in 1/r

Note : Angular velocity va ∼ 1
r2 DbCab

I Radiation causes angular motion



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

SOURCE-ORIENTED FRAME

Freely falling observer at large r
I Geodesic eqn yields velocity v
I Fix v ∼ ∂u at infty

Observer carries gyroscope
I Measure orientation :
I Build source-oriented tetrad {e0̂ , er̂ , eâ}
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I Choose R = I
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ĵ(θ) êj
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ĵ(θ) êj
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ĵ(θ) êj
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PRECESSION

Freely falling gyroscope

I Parallel-transported spin ∇vS = 0

S = Sîf̂i in local frame

I Parallel transport reads Ṡî = − f î
µ∇v f ĵµ︸ ︷︷ ︸
Ωî̂j

Ŝj

I Spin connection f î
µ∇α f ĵµ yields precession rate

Hence the core computation :
(i) Find source-oriented spin connection ω at large r

(ii) Rotate ω → RωR−1 + RdR−1 for star-oriented frame



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

PRECESSION

Freely falling gyroscope
I Parallel-transported spin ∇vS = 0
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Ŝj

I Spin connection f î
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µ∇v f ĵµ︸ ︷︷ ︸
Ωî̂j
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µ∇α f ĵµ yields precession rate

Hence the core computation :
(i) Find source-oriented spin connection ω at large r

(ii) Rotate ω → RωR−1 + RdR−1 for star-oriented frame



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

RADIATION CAUSES PRECESSION

Write Ωî̂j = ε̂îjk̂Ω
k̂ so that Ṡ = Ω× S

I Result :

Ω⊥ ∼ O(r−3) Ω‖ ∼
1
r2

(
DaDbC̃ab − 1

2 ĊabC̃ab
)

I Precession around ray
I Linear term

has dual shear C̃ab ≡ εcaCb
c

I Quadratic term

has news Ċab

As in electrodynamics ! [But universal by equivalence principle]



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

RADIATION CAUSES PRECESSION
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As in electrodynamics ! [But universal by equivalence principle]



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

RADIATION CAUSES PRECESSION
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As in electrodynamics ! [But universal by equivalence principle]



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

RADIATION CAUSES PRECESSION

Ω‖ ∼
1
r2

(
DaDbC̃ab − 1
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Covariant dual mass

[Freidel-Oliveri-Pranzetti-Speziale 21]

I Nothing to do with mass

(current for supertranslations)

I Current for dual supertranslations [Godazgar+, Porrati+]

I Covariant under aspt symmetries [FOPS 21]

I Gravitomagnetic

(No surprise: electric = distances, magnetic = orientations)
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ORIENTATION MEMORY

Ṡ = Ω× S during radiation burst

I ∆S ∼
∫

du Ω(u)× Sinitial

Rotation by Φ ∼ 1
r2

∫
du
(
DDC̃− 1

2 ĊC̃
)

I Quadratic term

= helicity = generator of celestial
electric-magnetic duality δCab = ε(θ) C̃ab [∼ electrodynamics]

I Dynamics L̇ ∼ CĊ gives
∫

du DDC̃ = ∆Q + flux
I Linear term = spin memory [Strominger+]

Orientation Mem = Spin Mem + Duality
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2 ĊC̃
)

I Quadratic term

= helicity = generator of celestial
electric-magnetic duality δCab = ε(θ) C̃ab [∼ electrodynamics]

I Dynamics L̇ ∼ CĊ gives
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∫

du DDC̃ = ∆Q + flux
I Linear term = spin memory [Strominger+]

Orientation Mem = Spin Mem + Duality



Intro Electromagnetic memory Metric and frame Orientation memory Ringdown

ORIENTATION MEMORY
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Ευχαριστό !
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