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Carroll Structures and Null Quantization

Null Hypersurfaces

- consider some theory in a classical spacetime
• could be a simple field theory, a gauge theory, and/or a diffeomorphism-invariant theory

- hypersurfaces embedded/immersed in spacetime are crucial structures:
• in classical theory, we build symplectic structure on a hypersurface

• might be space-like or null

• in quantizing a classical theory similarly, a choice of hypersurface is part of the process
• conversely, we might suppose that a classical spacetime is not required in this context, 

but might emerge as a semi-classical structure

• to capture the emergent data (intrinsic and extrinsic), would need to formulate in such a 
way that all of the symplectic data is present

• here we study the null case

• will leverage our knowledge of Carroll structures

• will uncover interesting inter-relationships to recently constructed extended phase space 
methods 

• the latter is closely related to a crossed-product construction in a corresponding quantum 
operator algebraic construction, so apparently amenable to quantization
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Carroll Structures and Null Quantization

Corners

- in the above discussion, I focused on codimension-1 surfaces 
(hypersurfaces)
• from the point of view of symmetries, these are important for another reason

• by Noether’s (first) theorem, symmetry currents can be regarded as codim-1 
forms, and symmetry charges are obtained by integrating them over codim-1 
surfaces

- but higher codimension surfaces are also important in many contexts
• in any gauge theory (including diff-invariant theories), Noether’s second theorem 

reports that the current is of the form

• in the case of a gauge symmetry,     is an element of the Lie algebra
•      is the constraint, which vanishes in some sense (classically, on-shell)
•      is the charge density or aspect, whose integration over a codim-2 surface gives 

the (generally non-vanishing) gauge charge
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Carroll Structures and Null Quantization

Corner Symmetry

- such a codimension-2 surface (possibly a component of the 
boundary of a hypersurface or a subregion on a hypersurface) is 
referred to as a corner
• in the context of any diff-invariant theory, although diff(M) is the full gauge 

symmetry, only a closed subalgebra      supports non-zero charges
• this is true irrespective of a choice of a background, depends only on the 

geometric structure in a neighborhood of a corner

• in any given context, this algebra is (a subalgebra of) the universal corner 
symmetry

• classically, these charges are integrable (i.e., represented properly on the phase 
space) if one includes the embedding of the corner into the phase space
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Carroll Structures and Null Quantization

Corners

- in fact in a general theory with local symmetries (internal or diff), 
there is a convenient formulation using (Atiyah) Lie algebroids, in 
which gauge symmetries and diffs appear on an equal footing as 
morphisms of Lie algebroids
• Noether’s theorem then becomes a more general statement

• locally, the section     can be understood as 
• locally,                 , that is it contains both free variation (exterior derivative on 

the field space) and BRST
• embedding of a surface of any codimension-k extends to a Lie algebroid 

morphism, containing locally an embedding map and gauge fixing
• constraint algebra closes off-shell and charge algebra closes on-shell
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Carroll Structures and Null Quantization

Null Hypersurfaces

- I’m going to focus on an example: null hypersurfaces
• no reference to a spacetime in which they are embedded, so quite flexible
• won’t make assumptions about its nature, so applies to any hypersurface

• can specialize to constrained examples, such as Killing horizons or asymptotic 

- the physics of a null hypersurface can be generally addressed 
because the content can be understood geometrically
• a Carroll structure: a line bundle over a Euclidean space
• along with a choice of symplectic structure

• can think of this in two (equivalent) ways: 

• as an induced non-Riemannian geometry from a bulk theory 

• or, as a `Carrollian fluid’, possessing a stress-energy tensor
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Carroll Structures and Null Quantization

Ruled Carroll Structures

- recall a Carroll structure            is a line bundle endowed with 
geometric data        
•    is a ‘vertical’ vector field which we will often think of as     with    a null ‘time’ 

coordinate
•    is a non-degenerate time-dependent metric on a section    , with
• there is no metric on    , but one can introduce an Ehresmann connection    

satisfying             and construct a rigging, essentially a projector from       to

•             defines a ruled Carroll structure
• any vector field can be decomposed as                      with

•   determines a volume     , and    determines a volume      , with 

• one defines the (horizontal) expansion tensor

9

<latexit sha1_base64="OE230/D698mnfN03qU9tbCmrJRw=">AAACMHicbVC7TsMwFLVLgVJeLbCxWFRIDFAliOdWiYUJFUEfUhNVjuO0Vp2HbAepjfIvrDDyNTAhVr4Cp81AC1eyfHTuPfdxnIgzqQzjAxaWissrq6W18vrG5tZ2pbrTlmEsCG2RkIei62BJOQtoSzHFaTcSFPsOpx1ndJPlO09USBYGj2ocUdvHg4B5jGClqX5lL7EI5ugutVSIZvgh7VdqRt2YBvoLzBzUQB7NfhUWLTcksU8DRTiWsmcakbITLBQjnKZlK5Y0wmSEB7SnYYB9Ku1kun6KDjXjIi8U+gUKTdnfigT7Uo59R1f6WA3lYi4jj/WfqeV/Rb1YeVd2woIoVjQgs4lezJG+OTMFuUxQovhYA0wE00sjMsQCE6Wtmxsnvaz73EGJYqPJCXHTsvbNXHTpL2if1s2L+vn9Wa1xnTtYAvvgABwBE1yCBrgFTdACBEzAM3gBr/ANvsNP+DUrLcBcswvmAn7/ADNpqK0=</latexit>

N ! S
<latexit sha1_base64="nkeI3t//HgrfEmhAGVJSWNqhm74=">AAACLnicbVBNT8JAEN0qKuIX4NFLIzHBBElr/LyRePGIiXwkQMh2O4UN223d3Rqx4a941aO/xsSD8erPcAs9CDjJZF/ezJuZfU7IqFSW9WmsrGbW1jeym7mt7Z3dvXyh2JRBJAg0SMAC0XawBEY5NBRVDNqhAOw7DFrO6Captx5BSBrwezUOoefjAaceJVhpqp8vlh8q3Yi7IJIJXWDsuJ8vWVVrGuYysFNQQmnU+wUj03UDEvnAFWFYyo5thaoXY6EoYTDJdSMJISYjPICOhhz7IHvx9PiJeaQZ1/QCoZMrc8r+VcTYl3LsO7rTx2ooF2sJWdFvopb/NXUi5V31YsrDSAEns41exEwVmIklpksFEMXGGmAiqD7aJEMsMFHauLl10kumz30oVnT0fELcSU77Zi+6tAyap1X7onp+d1aqXacOZtEBOkRlZKNLVEO3qI4aiKAn9IJe0ZvxbnwYX8b3rHXFSDX7aC6Mn1/I+Kf6</latexit>

(q, `)
<latexit sha1_base64="XiQXJz7sgZHe1cqVw03su2ddPMo=">AAACKHicbVC7TsMwFHVKgVJeLYwsERUSA1QJ4rlVYmEsEn1ITagc56a16jiR7SCVqP/BCiNfw4a68iU4bQbaciTLR+fe43t9vJhRqSxrahTWiusbm6Wt8vbO7t5+pXrQllEiCLRIxCLR9bAERjm0FFUMurEAHHoMOt7oPqt3XkBIGvEnNY7BDfGA04ASrLT07CTcB5GZHWCsX6lZdWsGc5XYOamhHM1+1Sg6fkSSELgiDEvZs61YuSkWihIGk7KTSIgxGeEB9DTlOATpprO1J+aJVnwziIQ+XJkz9a8jxaGU49DTnSFWQ7lcy8QzfWdu+V9TL1HBrZtSHicKOJlPDBJmqsjMwjB9KoAoNtYEE0H10iYZYoGJ0pEtjJNB9vrCh1JFR6/nxJ+UdW72ckqrpH1Rt6/rV4+XtcZdnmAJHaFjdIpsdIMa6AE1UQsRJNAbekcfxqfxZXwb03lrwcg9h2gBxs8vC6Kmsw==</latexit>

`

<latexit sha1_base64="5eljdlS0mSPCTeTushV/jseiM7U=">AAACG3icbVC7TsMwFL2GAqW8WhhZIiokBqgSxHOrxMLYSvQhtVHluE5r1XGC7SCVqF/ACiNfw4ZYGfgbnDYDbbmS5aNz77mP40WcKW3bP2hlNbe2vpHfLGxt7+zuFUv7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15o7s033qiUrFQPOhxRN0ADwTzGcHaUPXHXrFsV+xpWMvAyUAZsqj1SijX7YckDqjQhGOlOo4daTfBUjPC6aTQjRWNMBnhAe0YKHBAlZtMN51Yx4bpW34ozRPamrJ/FQkOlBoHnqkMsB6qxVxKnpo/Vav/ijqx9m/chIko1lSQ2UQ/5pYOrfR+q88kJZqPDcBEMrO0RYZYYqKNS3PjlJ92nzso0Wz0fEb6k4LxzVl0aRk0zyvOVeWyflGu3mYO5uEQjuAEHLiGKtxDDRpAgMILvMIbekcf6BN9zUpXUKY5gLlA37/w7KDn</latexit>q

<latexit sha1_base64="K263WcCeqsg6AKVnV6LbO5h7iJQ=">AAACMHicbVA9T8MwEHVKgVK+WmBjsaiQGKBKEJ9bJRbGItEPqYkix3Faq44T2U6lNup/YYWRXwMTYuVX4LQZaMtJJz+9u3d3fl7MqFSm+WkU1orrG5ulrfL2zu7efqV60JZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON3zI6p0REZJG/FmNY+KEqM9pQDFSmnIrR3bCfSIyuR0joShi7sit1My6OQu4Cqwc1EAeTbdqFG0/wklIuMIMSdmzzFg5aTYQMzIt24kkMcJD1Cc9DTkKiXTS2flTeKoZHwaR0MkVnLF/FSkKpRyHnu4MkRrI5VpGnus3U8v/mnqJCu6clPI4UYTj+cYgYVBFMDMF+lQQrNhYA4QF1UdDPEACYaWtW1gng2z6wodSRYeTC+xPy9o3a9mlVdC+rFs39eunq1rjPnewBI7BCTgDFrgFDfAImqAFMJiAF/AK3ox348P4Mr7nrQUj1xyChTB+fgHklKml</latexit>

@v
<latexit sha1_base64="LwareG90S7KCwz0HTZ8maYwruSE=">AAACG3icbVDLTgIxFO0oKuILdOmmkZi4UDJjfO5I3LiERB4JTEindKCh05m0d0hwwhe41aVf4864deHf2IFZCHiTpifn3nMfx4sE12DbP9baem5jcyu/XdjZ3ds/KJYOmzqMFWUNGopQtT2imeCSNYCDYO1IMRJ4grW80UOab42Z0jyUTzCJmBuQgeQ+pwQMVR/3imW7Ys8CrwInA2WURa1XsnLdfkjjgEmggmjdcewI3IQo4FSwaaEbaxYROiID1jFQkoBpN5ltOsWnhuljP1TmScAz9q8iIYHWk8AzlQGBoV7OpeS5+VO1/q+oE4N/5yZcRjEwSecT/VhgCHF6P+5zxSiIiQGEKm6WxnRIFKFgXFoYp/20+8JBCfDR8wXtTwvGN2fZpVXQvKw4N5Xr+lW5ep85mEfH6ASdIQfdoip6RDXUQBQx9IJe0Zv1bn1Yn9bXvHTNyjRHaCGs71/5f6Ds</latexit>v

<latexit sha1_base64="em3nDfOUh/a9yM3JE0EBr50/BuA=">AAACInicbVDLSgMxFE1q1VpfrS7dBIvgQsuM+NwV3LiSCvYB7VAymUwbmskMSUaow/yEW136Ne7EleDHmGlnYVsPhBzOvSf35rgRZ0pb1jcsrBRX19ZLG+XNre2d3Up1r63CWBLaIiEPZdfFinImaEszzWk3khQHLqcdd3yb1TtPVCoWikc9iagT4KFgPiNYG6mb9Anm6D4dVGpW3ZoCLRM7JzWQozmowmLfC0kcUKEJx0r1bCvSToKlZoTTtNyPFY0wGeMh7RkqcECVk0wXTtGRUTzkh9IcodFU/etIcKDUJHBNZ4D1SC3WMvHE3Jlb/dfUi7V/7SRMRLGmgswm+jFHOkRZDMhjkhLNJ4ZgIplZGpERlphoE9bcOOVnr899KNFs/HxKvLRscrMXU1om7bO6fVm/eDivNW7yBEvgAByCY2CDK9AAd6AJWoAADl7AK3iD7/ADfsKvWWsB5p59MAf48wtLEqOu</latexit>

N
<latexit sha1_base64="cqXRd6sjtemEVp0IZU7M8vCeYi4=">AAACG3icbVC7TsMwFLVLgVJeLYwsFhUSA1QJ4rlVYmFsJfqQ2qhyHKe14jiR7SCVqF/ACiNfw4ZYGfgbnDYDbbmS5aNz77mP48acKW1ZP7CwVlzf2Cxtlbd3dvf2K9WDjooSSWibRDySPRcrypmgbc00p71YUhy6nHbd4D7Ld5+oVCwSj3oSUyfEI8F8RrA2VCsYVmpW3ZoFWgV2Dmogj+awCosDLyJJSIUmHCvVt61YOymWmhFOp+VBomiMSYBHtG+gwCFVTjrbdIpODOMhP5LmCY1m7F9FikOlJqFrKkOsx2o5l5Fn5s/U6r+ifqL9WydlIk40FWQ+0U840hHK7kcek5RoPjEAE8nM0oiMscREG5cWxik/675wUKpZ8HxOvGnZ+GYvu7QKOhd1+7p+1bqsNe5yB0vgCByDU2CDG9AAD6AJ2oAACl7AK3iD7/ADfsKveWkB5ppDsBDw+xfmoqDh</latexit>

k
<latexit sha1_base64="7CVq2g7InhYkUFpkx5e2y8Sb7bU="></latexit>

◆`k = 1
<latexit sha1_base64="UAOdhYomhuESELRv9oddxq56N0o="></latexit>

⇧ = 1� `⌦ k

<latexit sha1_base64="iDppGek6YXSeMtkdf9Ab2AQKaA0=">AAACI3icbVC7TsMwFLVLgVJeLYwsFhUSA1QJ4rlVYmEsoi/URpXjOK1VO4lsB6lE+QpWGPkaNsTCwL/gtB1oy5EsH517j+/1cSPOlLasb5hbya+urRc2iptb2zu7pfJeS4WxJLRJQh7KjosV5SygTc00p51IUixcTtvu6Dart5+oVCwMGnocUUfgQcB8RrA20mMj6RHM0UPaL1WsqjUBWib2jFTADPV+GeZ7XkhiQQNNOFaqa1uRdhIsNSOcpsVerGiEyQgPaNfQAAuqnGSycYqOjOIhP5TmBBpN1L+OBAulxsI1nQLroVqsZeKJuTO3+q+pG2v/2klYEMWaBmQ60Y850iHKckAek5RoPjYEE8nM0ogMscREm7Tmxik/e33uQ4lmo+dT4qVFk5u9mNIyaZ1V7cvqxf15pXYzS7AADsAhOAY2uAI1cAfqoAkIEOAFvII3+A4/4Cf8mrbm4MyzD+YAf34BC4qkEQ==</latexit>

TS
<latexit sha1_base64="650618LWYwksSt2g64zxZO5dmco=">AAACI3icbVC7TsMwFLVLgVJeLYwsFhUSA1QJ4rlVYmFCReoLtVHlOE5r1U4i20EqUb6CFUa+hg2xMPAvOG0H2nIky0fn3uN7fdyIM6Ut6xvmVvKra+uFjeLm1vbObqm811JhLAltkpCHsuNiRTkLaFMzzWknkhQLl9O2O7rN6u0nKhULg4YeR9QReBAwnxGsjfTYSHoEc3Sf9ksVq2pNgJaJPSMVMEO9X4b5nheSWNBAE46V6tpWpJ0ES80Ip2mxFysaYTLCA9o1NMCCKieZbJyiI6N4yA+lOYFGE/WvI8FCqbFwTafAeqgWa5l4Yu7Mrf5r6sbav3YSFkSxpgGZTvRjjnSIshyQxyQlmo8NwUQyszQiQywx0SatuXHKz16f+1Ci2ej5lHhp0eRmL6a0TFpnVfuyevFwXqndzBIsgANwCI6BDa5ADdyBOmgCAgR4Aa/gDb7DD/gJv6atOTjz7IM5wJ9fAvKkDA==</latexit>

TN

<latexit sha1_base64="7xOsPoly6xaqlQmbO/qmHqoghcE=">AAACInicbVC7TsMwFLVLgVJeLYwsFhUSA1QJ4rlVYmEsgj6kNqocx2mtOk5kO0glyk+wwsjXsCEmJD4Gp81AW45k+ejce3yvjxtxprRlfcPCSnF1bb20Ud7c2t7ZrVT32iqMJaEtEvJQdl2sKGeCtjTTnHYjSXHgctpxx7dZvfNEpWKheNSTiDoBHgrmM4K1kbpJn2COHtJBpWbVrSnQMrFzUgM5moMqLPa9kMQBFZpwrFTPtiLtJFhqRjhNy/1Y0QiTMR7SnqECB1Q5yXThFB0ZxUN+KM0RGk3Vv44EB0pNAtd0BliP1GItE0/MnbnVf029WPvXTsJEFGsqyGyiH3OkQ5TFgDwmKdF8YggmkpmlERlhiYk2Yc2NU372+tyHEs3Gz6fES8smN3sxpWXSPqvbl/WL+/Na4yZPsAQOwCE4Bja4Ag1wB5qgBQjg4AW8gjf4Dj/gJ/yatRZg7tkHc4A/v1Oqo7M=</latexit>

S
<latexit sha1_base64="CPyQmTsIRI65X3+PPmeJ8Oz22A8="></latexit>

◆`q = 0

<latexit sha1_base64="eNNRjGN7va1HkxATLY7CKTco0IU=">AAACMXicbVBNS8NAEN3UqrV+tYonL8EiVNCSiJ8HoeDFYwX7AU0om82kLt1swu5GqKE/xqse/TW9iVf/hJu2B9s6MOzjzbyZ2efFjEplWWMjt5JfXVsvbBQ3t7Z3dkvlvZaMEkGgSSIWiY6HJTDKoamoYtCJBeDQY9D2BvdZvf0CQtKIP6lhDG6I+5wGlGClqV7pwGnQqpNwH0Q2wgHGTu6sXqli1axJmMvAnoEKmkWjVzbyjh+RJASuCMNSdm0rVm6KhaKEwajoJBJiTAa4D10NOQ5Buunk/pF5rBnfDCKhkytzwv5VpDiUchh6ujPE6lku1jLyVL+ZWv7X1E1UcOOmlMeJAk6mG4OEmSoyM1dMnwogig01wERQfbRJnrHARGnv5tbJIJs+96FU0cHrGfFHRe2bvejSMmid1+yr2uXjRaV+O3OwgA7REaoiG12jOnpADdREBKXoDb2jD+PTGBtfxve0NWfMNPtoLoyfX9i6qP0=</latexit>

⇧(`) = 0
<latexit sha1_base64="Q52zyUbz8qvL6KsyRgNmuPBGYrY=">AAACMnicbVDLTsJAFJ0iKuILNHHjppGYYIKkNT53JG5cYiKPBAiZTm9h0um0zkxNsPIzbnXpz+jOuPUjnAILQW8ymZNz77mP40SMSmVZ70ZmKbu8sppby69vbG5tF4o7TRnGgkCDhCwUbQdLYJRDQ1HFoB0JwIHDoOX412m+9QBC0pDfqVEEvQAPOPUowUpT/cJe+b7SjbkLIu2QdIGxccU/6hdKVtWahPkX2DNQQrOo94tGtuuGJA6AK8KwlB3bilQvwUJRwmCc78YSIkx8PICOhhwHIHvJ5ICxeagZ1/RCoR9X5oT9rUhwIOUocHRlgNVQLuZSsqL/VC3/K+rEyrvsJZRHsQJOphO9mJkqNFNbTJcKIIqNNMBEUL20SYZYYKK0eXPjpJd2nzsoUdR/PCbuOK99sxdd+guaJ1X7vHp2e1qqXc0czKF9dIDKyEYXqIZuUB01EEFP6Bm9oFfjzfgwPo2vaWnGmGl20VwY3z8pUqmx</latexit>

(q, `, k)

(n+1)-dimensional, mostly n=2

<latexit sha1_base64="ZlJS29yLtM/II7ghqkj9kOCoIxM=">AAACMnicbVC7TsMwFLVLgVJeLUgsLBYVEgNUCeK5VWJhLII+pCaqHMdprToP2U6lEvIzrDDyM7AhVj4Cp81AC1eyfHzuuff6HifiTCrDeIeFpeLyympprby+sbm1XanutGUYC0JbJOSh6DpYUs4C2lJMcdqNBMW+w2nHGd1k+c6YCsnC4EFNImr7eBAwjxGsNNWv7FljLGgkGdevJLEI5ug+TfuVmlE3poH+AjMHNZBHs1+FRcsNSezTQBGOpeyZRqTsBAvFCKdp2YoljTAZ4QHtaRhgn0o7mS6QokPNuMgLhT6BQlP2d0WCfSknvqOVPlZDuZjLyGN9Z9XyP1EvVt6VnbAgihUNyGyiF3OkQpTZglwmKFF8ogEmgulPIzLEAhOlzZsbJ72s+9xCiWKjxxPipmXtm7no0l/QPq2bF/Xzu7Na4zp3sAT2wQE4Aia4BA1wC5qgBQh4As/gBbzCN/gBP+HXTFqAec0umAv4/QNpU6pm</latexit>"S
<latexit sha1_base64="lcmRbhcl7lBoUfR3ABNRqm48r7I=">AAACMnicbVDLSgMxFE1q1VpfrYIbN8EiuNAyIz53BTeupIJ9QGcomUymDc08SDKFOs7PuNWlP6M7cetHmGlnYasXQk7OPffe3ONEnEllGO+wsFRcXlktrZXXNza3tivVnbYMY0Foi4Q8FF0HS8pZQFuKKU67kaDYdzjtOKObLN8ZUyFZGDyoSURtHw8C5jGClab6lT1rjAWNJOP6lSQWwRzdpWm/UjPqxjTQX2DmoAbyaParsGi5IYl9GijCsZQ904iUnWChGOE0LVuxpBEmIzygPQ0D7FNpJ9MFUnSoGRd5odAnUGjK/q5IsC/lxHe00sdqKBdzGXms76xa/ifqxcq7shMWRLGiAZlN9GKOVIgyW5DLBCWKTzTARDD9aUSGWGCitHlz46SXdZ9bKFFs9HhC3LSsfTMXXfoL2qd186J+fn9Wa1znDpbAPjgAR8AEl6ABbkETtAABT+AZvIBX+AY/4Cf8mkkLMK/ZBXMBv38AYLaqYQ==</latexit>"N

<latexit sha1_base64="gnDlU3BhQEVrRGmeSLAJtCbU2CA="></latexit>◆`"N = "S
<latexit sha1_base64="5eljdlS0mSPCTeTushV/jseiM7U=">AAACG3icbVC7TsMwFL2GAqW8WhhZIiokBqgSxHOrxMLYSvQhtVHluE5r1XGC7SCVqF/ACiNfw4ZYGfgbnDYDbbmS5aNz77mP40WcKW3bP2hlNbe2vpHfLGxt7+zuFUv7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15o7s033qiUrFQPOhxRN0ADwTzGcHaUPXHXrFsV+xpWMvAyUAZsqj1SijX7YckDqjQhGOlOo4daTfBUjPC6aTQjRWNMBnhAe0YKHBAlZtMN51Yx4bpW34ozRPamrJ/FQkOlBoHnqkMsB6qxVxKnpo/Vav/ijqx9m/chIko1lSQ2UQ/5pYOrfR+q88kJZqPDcBEMrO0RYZYYqKNS3PjlJ92nzso0Wz0fEb6k4LxzVl0aRk0zyvOVeWyflGu3mYO5uEQjuAEHLiGKtxDDRpAgMILvMIbekcf6BN9zUpXUKY5gLlA37/w7KDn</latexit>q

<latexit sha1_base64="cqXRd6sjtemEVp0IZU7M8vCeYi4=">AAACG3icbVC7TsMwFLVLgVJeLYwsFhUSA1QJ4rlVYmFsJfqQ2qhyHKe14jiR7SCVqF/ACiNfw4ZYGfgbnDYDbbmS5aNz77mP48acKW1ZP7CwVlzf2Cxtlbd3dvf2K9WDjooSSWibRDySPRcrypmgbc00p71YUhy6nHbd4D7Ld5+oVCwSj3oSUyfEI8F8RrA2VCsYVmpW3ZoFWgV2Dmogj+awCosDLyJJSIUmHCvVt61YOymWmhFOp+VBomiMSYBHtG+gwCFVTjrbdIpODOMhP5LmCY1m7F9FikOlJqFrKkOsx2o5l5Fn5s/U6r+ifqL9WydlIk40FWQ+0U840hHK7kcek5RoPjEAE8nM0oiMscREG5cWxik/675wUKpZ8HxOvGnZ+GYvu7QKOhd1+7p+1bqsNe5yB0vgCByDU2CDG9AAD6AJ2oAACl7AK3iD7/ADfsKveWkB5ppDsBDw+xfmoqDh</latexit>

k
<latexit sha1_base64="SGEVNQnYoip7fZcPimHfgzSLpfI="></latexit>

"N = k ^ "S

<latexit sha1_base64="nX3MtK4Aq6HgxAktEam4eWgmRgw="></latexit>

⇠ = f `+ Y
<latexit sha1_base64="vMxPCiSdJGTYTqQ/poVVfTH8F7c=">AAACM3icbVDLSsNAFJ1o1VpfrS5cuBksggstifhcCAU3LivYWmlLmUwm7ZDJJMzcCDXka9zq0o8Rd+LWf3DSdmHVC8Mczr3nPo4bC67Btt+sufnCwuJScbm0srq2vlGubLZ0lCjKmjQSkWq7RDPBJWsCB8HasWIkdAW7c4OrPH/3wJTmkbyFUcx6IRlI7nNKwFD98naXR0D6aTeRHlN5F3yfBZd2v1y1a/Y48F/gTEEVTaPRr1iFrhfRJGQSqCBadxw7hl5KFHAqWFbqJprFhAZkwDoGShIy3UvHF2R4zzAe9iNlngQ8Zn8qUhJqPQpdUxkSGOrfuZw8MH+u1v8VdRLwz3spl3ECTNLJRD8RGCKc+4I9rhgFMTKAUMXN0pgOiSIUjHsz47Sfd585KAUePB5SLysZ35zfLv0FraOac1o7uTmu1i+mDhbRDtpF+8hBZ6iOrlEDNRFFGXpCz+jFerXerQ/rc1I6Z001W2gmrK9vaTSqVg==</latexit>

◆Y k = 0

<latexit sha1_base64="UlZaIo6WoUTQi4yVulJpkFsEO/4="></latexit>

✓ab = 1
2 (L`q)ab

<latexit sha1_base64="Y0zdm4eWuAUIXqqbdV1CWXzepD8="></latexit>

✓ab = 1
n ✓⇧

a
b + �a

b

expansion



Carroll Structures and Null Quantization

Ruled Carroll Structures

- finally, one introduces a Carroll connection D
• assume it preserves the ruling, 

• can be thought of as induced from a bulk L-C connection

• we’ll take the horizontal components of torsion and metricity to vanish

• the Carroll connection determines a 1-form     via

• and one can decompose it as

• it’s convenient to extract the ‘area’ 
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<latexit sha1_base64="c/RKF0XkMwMiW2ye+YiNtQUB1jI=">AAACIHicbVDLSgMxFE1q1VpfrS7dBIvgQsuM+FwIBV24rGAf0A4lk8m0sZnMkGSEOvQf3OrSr3EnLvVrzLSzsK0HQg7n3pN7c9yIM6Ut6xvmlvLLK6uFteL6xubWdqm801RhLAltkJCHsu1iRTkTtKGZ5rQdSYoDl9OWO7xJ660nKhULxYMeRdQJcF8wnxGsjdS87dbZtdUrVayqNQFaJHZGKiBDvVeG+a4XkjigQhOOlerYVqSdBEvNCKfjYjdWNMJkiPu0Y6jAAVVOMll3jA6M4iE/lOYIjSbqX0eCA6VGgWs6A6wHar6WikfmTt3qv6ZOrP1LJ2EiijUVZDrRjznSIUpDQB6TlGg+MgQTyczSiAywxESbqGbGKT99feZDiWbD52PijYsmN3s+pUXSPKna59Wz+9NK7SpLsAD2wD44BDa4ADVwB+qgAQh4BC/gFbzBd/gBP+HXtDUHM88umAH8+QX4JqJu</latexit>

D⇧ = 0

<latexit sha1_base64="qXbHMesethmnP9rzuZ27xM7Kfes="></latexit>

D⇠"N = (◆⇠!) "N

<latexit sha1_base64="LyaF9952zaoEDYTCOmOngnsPqRM="></latexit>

! = k + ⇡, ◆`⇡ = 0

<latexit sha1_base64="oGjibJPGS4/deO+qWjtBht2Mowc=">AAACIHicbVDLTgIxFG0RFfEFunTTSExcKJkxPnckblxiIo8EJqTT6UCl7UzajglO+Ae3uvRr3BmX+jV2gIWAJ2l6cu49vbfHjznTxnG+YW4lv7q2Xtgobm5t7+yWyntNHSWK0AaJeKTaPtaUM0kbhhlO27GiWPictvzhbVZvPVGlWSQfzCimnsB9yUJGsLFSsxsJ2se9UsWpOhOgZeLOSAXMUO+VYb4bRCQRVBrCsdYd14mNl2JlGOF0XOwmmsaYDHGfdiyVWFDtpZN1x+jIKgEKI2WPNGii/nWkWGg9Er7tFNgM9GItE0/snbn1f02dxITXXspknBgqyXRimHBkIpSFgAKmKDF8ZAkmitmlERlghYmxUc2N02H2+tyHUsOGz6ckGBdtbu5iSsukeVZ1L6sX9+eV2s0swQI4AIfgGLjgCtTAHaiDBiDgEbyAV/AG3+EH/IRf09YcnHn2wRzgzy8KKqMN</latexit>!

inaffinity Hájiček connection

<latexit sha1_base64="E+bI+w1eVLtcfFczJXR7q2yQKzg=">AAACIHicbVDLTgIxFG0RFfEFunTTSExcKJkxPnckbtyJiTwSmJBOpwOVtjNpOyY44R/c6tKvcWdc6tfYARaCnqTpybn39N4eP+ZMG8f5grml/PLKamGtuL6xubVdKu80dZQoQhsk4pFq+1hTziRtGGY4bceKYuFz2vKH11m99UiVZpG8N6OYegL3JQsZwcZKze6toH3cK1WcqjMB+kvcGamAGeq9Msx3g4gkgkpDONa64zqx8VKsDCOcjovdRNMYkyHu046lEguqvXSy7hgdWCVAYaTskQZN1N+OFAutR8K3nQKbgV6sZeKRvTO3/q+pk5jw0kuZjBNDJZlODBOOTISyEFDAFCWGjyzBRDG7NCIDrDAxNqq5cTrMXp/7UGrY8OmYBOOizc1dTOkvaZ5U3fPq2d1ppXY1S7AA9sA+OAQuuAA1cAPqoAEIeADP4AW8wjf4Dj/g57Q1B2eeXTAH+P0D0rui7Q==</latexit>

⌦

<latexit sha1_base64="r3hZ3iLtKgVnce9jvhzu1j+jaiE="></latexit>

⌦ :=
p

det q, q = ⌦2/nq̄, det q̄ = 1, "N = ⌦ "(0)N



Carroll Structures and Null Quantization

Carroll Fluids

- given a choice of local coordinates, construct a stress-energy tensor 

- this can be decomposed into 

- where

11

<latexit sha1_base64="8n7kLfvFM/7qAek6yDBrn79p6gI="></latexit>

Ta
b = ⌧a`

b + ⌧a
b

<latexit sha1_base64="V+uz2QzAOY1TdONMo3yolWsy0fQ="></latexit>

⌧a =
1

8⇡GN

⇣
⇡a � ✓ ka

⌘
,

⌧a
b = 1

8⇡GN

⇣
�a

b � µ qa
b
⌘

<latexit sha1_base64="EWZBJRra9q9sefSmoqpyYoyP0Js="></latexit>

Ta
b := 1

8⇡GN

⇣
Da`

b � ⇧a
bDc`

c
⌘

<latexit sha1_base64="TE00Lb2Qk44IuaHMPVH3podKw5U="></latexit>

µ := + n�1
n ✓

<latexit sha1_base64="IjzAq5odBYvDX7btQ/2iTe+kAac="></latexit>

(⌦,µ), (`,⇡), (q̄,�)

spin-0 spin-1 spin-2

[Petropoulos,Petkou,Freidel,Donnay,Marteau,RGL,

Speranza,Flanagan,Obers,Oling,

Sybesma,Vandoren,deBoer,…]



Carroll Structures and Null Quantization

Symplectica

- the presymplectic potential is

• this gives rise to diffeomorphism Noether currents

• e.g.,

• importantly, there is also a boost symmetry which rescales 

•    (and   ) transforms as a connection under this boost
• the presymplectic form can be explicitly inverted to kinematical Poisson brackets by 

rewriting the metric in terms of Beltrami differentials
•  the constraint algebra properly closes only when the contributions of all spins are 

taken into account
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<latexit sha1_base64="rPVdgYgvlr4GwHncbtcIKD29fHw="></latexit>

⇥can =

Z

N
✓can =

Z

N
"N

⇣1
2
⌧ ab�qab � ⌧a�`

a
⌘

<latexit sha1_base64="z8fYdVsvHsKHtP3fx0wvkoY5PwE="></latexit>

J� =
1

8⇡GN

Z

S
"S �.

<latexit sha1_base64="XiQXJz7sgZHe1cqVw03su2ddPMo=">AAACKHicbVC7TsMwFHVKgVJeLYwsERUSA1QJ4rlVYmEsEn1ITagc56a16jiR7SCVqP/BCiNfw4a68iU4bQbaciTLR+fe43t9vJhRqSxrahTWiusbm6Wt8vbO7t5+pXrQllEiCLRIxCLR9bAERjm0FFUMurEAHHoMOt7oPqt3XkBIGvEnNY7BDfGA04ASrLT07CTcB5GZHWCsX6lZdWsGc5XYOamhHM1+1Sg6fkSSELgiDEvZs61YuSkWihIGk7KTSIgxGeEB9DTlOATpprO1J+aJVnwziIQ+XJkz9a8jxaGU49DTnSFWQ7lcy8QzfWdu+V9TL1HBrZtSHicKOJlPDBJmqsjMwjB9KoAoNtYEE0H10iYZYoGJ0pEtjJNB9vrCh1JFR6/nxJ+UdW72ckqrpH1Rt6/rV4+XtcZdnmAJHaFjdIpsdIMa6AE1UQsRJNAbekcfxqfxZXwb03lrwcg9h2gBxs8vC6Kmsw==</latexit>

`

<latexit sha1_base64="+KyOzl9Tzh4CTykNFkEpYoW0VvI=">AAACIHicbVC7TsMwFLVLgVJeLYwsFhUSA1QJ4rlVYmEsEn1IbVQ5jtOaOIllO0gl6j+wwsjXsCFG+BqcNgNtOZLlo3Pv8b0+ruBMacv6hoWV4uraemmjvLm1vbNbqe61VZxIQlsk5rHsulhRziLa0kxz2hWS4tDltOMGt1m980SlYnH0oMeCOiEeRsxnBGsjtfsBFgIPKjWrbk2BlomdkxrI0RxUYbHvxSQJaaQJx0r1bEtoJ8VSM8LppNxPFBWYBHhIe4ZGOKTKSafrTtCRUTzkx9KcSKOp+teR4lCpceiazhDrkVqsZeKJuTO3+q+pl2j/2klZJBJNIzKb6Ccc6RhlISCPSUo0HxuCiWRmaURGWGKiTVRz45SfvT73oVSz4PmUeJOyyc1eTGmZtM/q9mX94v681rjJEyyBA3AIjoENrkAD3IEmaAECHsELeAVv8B1+wE/4NWstwNyzD+YAf34BEPGjEQ==</latexit> <latexit sha1_base64="MUq/P6lmB5QK9x3/iMB5+4bP9EU=">AAACHXicbVDLTgIxFG0RFfEFunTTSExcKJkxPnckblxilEcCE9IpHWhoO5O2Y4ITPsGtLv0ad8at8W/swCwEPEnTk3Pv6b09fsSZNo7zA3Mr+dW19cJGcXNre2e3VN5r6jBWhDZIyEPV9rGmnEnaMMxw2o4UxcLntOWPbtN664kqzUL5aMYR9QQeSBYwgo2VHroi7pUqTtWZAi0TNyMVkKHeK8N8tx+SWFBpCMdad1wnMl6ClWGE00mxG2saYTLCA9qxVGJBtZdMd52gI6v0URAqe6RBU/WvI8FC67HwbafAZqgXa6l4Yu/Urf9r6sQmuPYSJqPYUElmE4OYIxOiNAHUZ4oSw8eWYKKYXRqRIVaYGJvT3DgdpK/PfSgxbPR8SvqTos3NXUxpmTTPqu5l9eL+vFK7yRIsgANwCI6BC65ADdyBOmgAAgbgBbyCN/gOP+An/Jq15mDm2QdzgN+/m+qhyA==</latexit>µ

<latexit sha1_base64="byewp/uRgD291QRzqGeeFCintPU="></latexit>

Î⇠̂⇥
can = �

Z

N
"N ⇠aDbTa

b +

Z

C
"b⇠

aTa
b

<latexit sha1_base64="wE1levIb91YRLHG9xK9I1mSIAVA="></latexit>

Jf ` =
1

8⇡GN

Z

N
"N

�
f �a

b�b
a � ✓(`+ µ)[f ]

�
=̂� 1

8⇡GN

Z

S
"S f ✓.

see Luca’s talk

for details



Carroll Structures and Null Quantization

Extended Phase Space

- the closure of the constraint algebra is an instance of a general 
property of extended phase space
• indeed, in the extended phase space formalism, the current algebra closes off-shell 

generically for any gauge theory

- importantly, it is not really an ‘extension’ — the required fields 
(spin-0 and more generally spin-1) are already present in the off-shell 
theory
• this is also an automatic property within the Lie algebroid formalism

- this is in fact closely related to a feature of a quantum theory, where 
gauge symmetries appear as inner automorphisms via a crossed-
product construction
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[Klinger,RGL,Pai ’22]

[Klinger,RGL ’23]



Carroll Structures and Null Quantization

Carrollian Diffs

- the Carrollian diffeomorphisms are those that preserve the Carroll 
structure (in particular   )

- these are a combination of diffs and boosts

- the corresponding constraint/charge is

- where the Raychaudhuri constraint appears 
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<latexit sha1_base64="XiQXJz7sgZHe1cqVw03su2ddPMo=">AAACKHicbVC7TsMwFHVKgVJeLYwsERUSA1QJ4rlVYmEsEn1ITagc56a16jiR7SCVqP/BCiNfw4a68iU4bQbaciTLR+fe43t9vJhRqSxrahTWiusbm6Wt8vbO7t5+pXrQllEiCLRIxCLR9bAERjm0FFUMurEAHHoMOt7oPqt3XkBIGvEnNY7BDfGA04ASrLT07CTcB5GZHWCsX6lZdWsGc5XYOamhHM1+1Sg6fkSSELgiDEvZs61YuSkWihIGk7KTSIgxGeEB9DTlOATpprO1J+aJVnwziIQ+XJkz9a8jxaGU49DTnSFWQ7lcy8QzfWdu+V9TL1HBrZtSHicKOJlPDBJmqsjMwjB9KoAoNtYEE0H10iYZYoGJ0pEtjJNB9vrCh1JFR6/nxJ+UdW72ckqrpH1Rt6/rV4+XtcZdnmAJHaFjdIpsdIMa6AE1UQsRJNAbekcfxqfxZXwb03lrwcg9h2gBxs8vC6Kmsw==</latexit>

`

<latexit sha1_base64="VDjqpcrQLKFjydz7hUrPK3G2+LQ="></latexit>
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Carroll Structures and Null Quantization

More on Constraints

- the Carroll structure can be thought of as a null congruence, a 
bundle of curves through each point on 
• as we saw, the Carrollian constraint is closely related to Raychaudhuri
• in our notation, with    reduced to      for simplicity, the Raychaudhuri constraint is

• this equation is exact (no weak field expansion invoked)
• it contains contributions from arbitrary gravitational stress-energy and 

arbitrary matter

• it is valid whenever           : 
• that is, away from caustics (focal points) or singularities
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Carroll Structures and Null Quantization

Raychaudhuri and Clocks

- we are employing here the fibre coordinate v as a null time variable

- we would like to, in some sense, set 
• can the constraint be solved? 

• traditionally this would be attacked perturbatively in GN

• can it be solved non-perturbatively?
• yes, and the solution is interesting for several reasons

- the basic mechanism is to replace the coordinate time by a 
dynamical variable
• it is often supposed that one should use affine time, which corresponds to taking 

the null congruence to be geodesic
• this is the correct thing under certain limited circumstances

• but the imposition of affine time is not background-independent, and so should 
not be expected to be universally relevant/appropriate
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Carroll Structures and Null Quantization

Dressing Time

- to introduce a dynamical clock, we perform a local diffeomorphism, 
together with a compensating local boost so that   is invariant

- each field can be rewritten as a function of V

- or formally

- the non-linear transformation of    will be crucial
• recall it is a boost connection
• a tensor of boost weight s transforms as
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Carroll Structures and Null Quantization

Raychaudhuri and Clocks

- there is a choice of dynamical clock variable that is canonically 
conjugate to the Raychaudhuri constraint
• in particular, its choice renders the symplectic form of the spin-0 sector as 

vanishing on the constraint surface, where (classically!) the constraint is rendered 
as a non-dynamical variable

• this is a description of the theory that is analogous to finding a canonical 
transformation to ‘action-angle variables’

- we call this the dressing clock
• writing the theory in terms of this clock has the additional effect of rendering all 

other dynamical variables invariant
• that is, they are dressed to diffeomorphisms (here, the null time 

reparameterizations)

• one can regard the dressing clock as an ‘observer’
• here it is a built-in feature of gravity, is a background-independent notion, and 

not introduced as an ad hoc device
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Carroll Structures and Null Quantization

Dressing Time

- the non-linear transformation allows us to take         which is the 
defining property of the dressing time

• note that this coincides with affine time iff the expansion vanishes
• e.g., Killing horizon 

• the clock is a Wilson line, relating values on corners at different times

• the Raychaudhuri constraint is a tensor of boost weight-2
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Carroll Structures and Null Quantization

Solving Ray

- the Raychaudhuri constraint can be solved non-perturbatively if we 
compare dressing time to some other notion of time
• for example, with non-zero expansion, consider the areal time

• this is well-defined as long as               (i.e., the areal clock does not stop)

• this can be rewritten in terms of the Raychaudhuri constraint

• and integrated, when the constraint vanishes, to
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Carroll Structures and Null Quantization

Solving Ray

- note that this is precisely the boost generator in areal time

• this is non-perturbative in GN

• in the absence of shear, the RHS involves the matter boost Hamiltonian
• tantalizing relationship with a modular Hamiltonian and thus ANEC

• although this discussion is classical so far, it is closely related to focussing theorems, 
covariant entropy bounds, etc.

• may be considered as a refinement of the usual discussions to arbitrary 
hypersurfaces

• e.g., for a linear boost about v=0, returning to dressing time

• in vacuum, charge is conserved — a proper notion of energy, even if expanding

• in any other clock, these conclusions are generally false

• would be interesting to explore its relevance for generalized second law, quantum 
focussing, quantum entropy bounds, etc.
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Carroll Structures and Null Quantization

Symplectica

- the symplectic form can be rewritten 

- the spin-0 terms have completely disappeared, replaced by the (C,V) 
symplectic pair
• any other choice of a clock would not generally have this feature

• there would be residual left-over spin-0 terms in the bulk symplectic form
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Carroll Structures and Null Quantization

Some Quantum Aspects

- this eventuality is crucial in understanding how to implement the 
gauge constraints
• classically, we can proceed directly to the constraint surface, by freezing the 

constraint to zero
• notice that the dressing of physical degrees of freedom happens automatically in 

the course of passing to the dressing time
• the formalism of extended phase space in fact leads to several equivalent ways to 

think about a corresponding quantum theory
• e.g., there is a geometric version of the Fadeev-Popov procedure in the 

context of path integral quantization for which this canonical transformation 
is a relevant change of integration variables that leads to integration over 
physical variables
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Carroll Structures and Null Quantization

- expect that this structure is true more generally
• in the null context, extends to Damour

- if we can think of the dressing time as defining an observer’s clock, 
then we should expect that unraveling Damour will lead to further 
‘measurement apparati’
• this notion of observer and measurement is built into the theory

• comes from properly organizing “pure gauge” spin-0 (and spin-1 in the case of 
Damour) degrees of freedom

• QG should then be capable of ‘measuring itself ’, with no ‘meta-observers’
• measurements are relational

• compare to other recent suggestions for observers (in the context of semiclassical 
gravity), which are ad hoc additions designed to find non-trivial operator algebras

• relation between extended phase space and crossed product algebras 
guarantees non-trivial algebras in our more general context
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Carroll Structures and Null Quantization

Further Quantum Musings

- it seems natural to ask if this perspective might lead us to a useful 
place in terms of quantum gravity/geometry. 
• the detailed relationship between the classical notion of extended phase space 

and crossed product von Neumann algebras seems promising in general
• in fact, these concepts unify all of the usual notions of quantization in gauge 

theories

- our study of gravity on null hypersurfaces suggests a new 
interpretation of a quantum theory: 
• there is a chiral Carroll CFT which captures the principle features

• one reinterprets the vanishing of the Raychaudhuri constraint as gauging 
reparameterization and boost invariance of the Carroll structure

• that is, reinterpret as the vanishing of a stress tensor 

• (very natural given the form of        )
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Carroll Structures and Null Quantization

- such a CFT can be thought of as a certain chiral 3+1 CFT
• given the fibration structure, it can be thought of as a chiral 2d CFT at each point 

of the corner S
• there is a natural WZW coset model whose target includes the space of 

Beltrami differentials, i.e., the space of 2d corner metrics

• this model has more or less trivially an infinite central charge, obtained as a finite 
value per point on S

• from this perspective, it seems natural to regard the smooth geometry of S as 
a classical approximation, with some underlying ‘atomic geometric 
structure’ (perhaps related to an operator algebra of Type < III)

- more generally should presumably be interested in intersecting null 
hypersurfaces —> non-chiral CFT
• this is where dynamics really enters
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Carroll Structures and Null Quantization

Outlook

- Carroll symmetry governs and organizes the symplectic structure 
on null hypersurfaces

- kinematical Poisson brackets for gravitational modes can be solved 
for non-perturbatively
• inclusion of off-shell modes closes the constraint and charge algebras

• an instance of the power of extended phase space

- a canonical transformation that chooses a clock recasts the theory 
in such a way that the constraints can be easily managed
• we expect that a similar story pertains when all of the constraints (Raychaudhuri 

and Damour) are taken into account

- interesting hints at quantum version
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