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Poem by ChatGPT on “Carrollian physics”

Carrollian black holes, dark and deep,
With symmetries that cannot be beat,
As they mirror the Poincaré set,

In the limit, where light is not yet.

This world of madness, is not just fun,

But has applications, one by one,

From condensed matter, to cosmology,

It's a source of knowledge, a revelatory key.

So let us explore, this world unknown,
And be swept away, by its whims and tone,
For in the land of Carrollian physics,

We may find a truth, that’s truly cryptic.
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
> Correlations functions
» Decay channels
» Density of states

SBH = SCardy
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Carrollian symmetries

Symmetries ubiquitious in constraining physics

» Kinematics & Dynamics
» Correlations functions
» Decay channels

» Density of states

Carrollian symmetries arise in various contexts

» Formally ¢ — 0 limit of Poincaré

Carrollian Archeology

Jean-Marc Lévy-Leblond
Université da Nice

_notwitheanding the sapacious advice by Lewis
Carroll, wha wrote

ol =2 going back to yesterday, because | was a
different parsen then™

The Red Queen offers advice to
Alice, who finds herself running
intensely, but not actually moving
forward: “Now, here, you see,” says
the Red Queen, “it takes all the
running you can do, to keep in the
same place. If you want to get
somewhere else, you must run at

least twice as fast as that!”
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
» Correlations functions
» Decay channels
» Density of states
Carrollian symmetries arise in various contexts
» Formally ¢ — 0 limit of Poincaré
» Symmetries of null hypersurfaces horizons, flat space asymptotics
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
> Correlations functions
» Decay channels
» Density of states
Carrollian symmetries arise in various contexts
» Formally ¢ — 0 limit of Poincaré
» Symmetries of null hypersurfaces horizons, flat space asymptotics
» Symmetries of tensionless strings

Tensile . : Space-filling
dlosed string String grows longer and fills out s pacetime as tension decreases D-brane

o @ Ly &

tension = _L_ tension = 0

Decreasing string tension
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
> Correlations functions
» Decay channels
» Density of states
Carrollian symmetries arise in various contexts
» Formally ¢ — 0 limit of Poincaré
» Symmetries of null hypersurfaces horizons, flat space asymptotics
» Symmetries of tensionless strings
» Fractons & cosmology

Inflation

Quantum
Fluctuations
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
> Correlations functions
» Decay channels
» Density of states
Carrollian symmetries arise in various contexts
» Formally ¢ — 0 limit of Poincaré
» Symmetries of null hypersurfaces horizons, flat space asymptotics
» Symmetries of tensionless strings
» Fractons & cosmology
Following history from SR to GR: natural to gauge Carroll algebra
» Gravity actions (but with Carroll boost invariance)
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
> Correlations functions
» Decay channels
» Density of states
Carrollian symmetries arise in various contexts
» Formally ¢ — 0 limit of Poincaré
» Symmetries of null hypersurfaces horizons, flat space asymptotics
» Symmetries of tensionless strings
» Fractons & cosmology
Following history from SR to GR: natural to gauge Carroll algebra
» Gravity actions (but with Carroll boost invariance)
» Carrollian Einstein equations

action EOM

\Hll;

Carmolliun Carrollian
Action EOM
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
> Correlations functions
» Decay channels
» Density of states
Carrollian symmetries arise in various contexts
» Formally ¢ — 0 limit of Poincaré
» Symmetries of null hypersurfaces horizons, flat space asymptotics
» Symmetries of tensionless strings
» Fractons & cosmology
Following history from SR to GR: natural to gauge Carroll algebra
» Gravity actions (but with Carroll boost invariance)
» Carrollian Einstein equations
» Vacuum plus linearized solutions
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
> Correlations functions
» Decay channels
» Density of states
Carrollian symmetries arise in various contexts
» Formally ¢ — 0 limit of Poincaré
» Symmetries of null hypersurfaces horizons, flat space asymptotics
» Symmetries of tensionless strings
» Fractons & cosmology
Following history from SR to GR: natural to gauge Carroll algebra
» Gravity actions (but with Carroll boost invariance)
» Carrollian Einstein equations
» Vacuum plus linearized solutions
» Solitonic (black hole-like) solutions

\

«e
A% google “carroll black hole” images; 17th result is song ‘Black Hole’ by Mackin Carroll
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Carrollian symmetries

Symmetries ubiquitious in constraining physics
» Kinematics & Dynamics
» Correlations functions
» Decay channels
» Density of states
Carrollian symmetries arise in various contexts
» Formally ¢ — 0 limit of Poincaré
» Symmetries of null hypersurfaces horizons, flat space asymptotics
» Symmetries of tensionless strings
» Fractons & cosmology
Following history from SR to GR: natural to gauge Carroll algebra
» Gravity actions (but with Carroll boost invariance)
» Carrollian Einstein equations
» Vacuum plus linearized solutions
» Solitonic (black hole-like) solutions
Carrollian symmetries key in numerous recent developments

Daniel Grumiller — Carroll black holes Motivation for Carrollian physics

6/38



Landscape of applications of Carrollian physics

Flat Holography

Holography

Condensed
Matter

Fractons? Flat bands

Luttinger Liquids

Carroll fluids

Carrollian
theories

String Theory

Q6P and Heavy ions
collisions

Ultra relativistic fluids

BH accretion
dises?
Cosmological phase
transitions?

Cosmology

Black Holes

Tensionless/null strings

Carroll strings

slide provided by Arjun Bagchi in Edinburgh 2023
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Formally: take ¢ — O limit of Poincaré symmetries
Analogous to Galilean limit but with reversed roles of space and time

» Unchanged: translations H = 0;, P; = 0;, rotations J;; = x;0; — x;0;
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Formally: take ¢ — O limit of Poincaré symmetries
Analogous to Galilean limit but with reversed roles of space and time

» Unchanged: translations H = 0;, P; = 0;, rotations J;; = x;0; — x;0;
» Changed: boosts
0
Bi = 02t 81 — Xy 8t c:>> Bl = —I; 8,5
Carrollian boosts shift time but do not affect space:
Carroll boost: ' =t — b - 7 =z
This behavior is opposite to well-known Galilean boosts (limit ¢ — oo):
Galilei boost: t' = ¢ ¥ =T—0t
Therefore, the Carrollian limit is often dubbed “ultra-relativistic”
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Formally: take ¢ — O limit of Poincaré symmetries
Analogous to Galilean limit but with reversed roles of space and time

» Unchanged: translations H = 0;, P; = 0;, rotations J;; = x;0; — x;0;
» Changed: boosts

c—0

Bi = C2t GZ — X at — Bl = —=X; Bt

Carrollian algebra like Poincaré, except for boosts:
| 4 Hamiltonian commutes W|th Carro”ian bOOStS Hamiltonian in center of Carroll algebra

[Bi, H] =0
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Formally: take ¢ — O limit of Poincaré symmetries
Analogous to Galilean limit but with reversed roles of space and time

» Unchanged: translations H = 0;, P; = 0;, rotations J;; = x;0; — x;0;
» Changed: boosts

c—0

Bi = 02t GZ — X 8,5 — Bl = —=X; Bt

Carrollian algebra like Poincaré, except for boosts:
| 4 Hamiltonian commutes W|th Carro”ian bOOStS Hamiltonian in center of Carroll algebra

[B;, H =0
» Carrollian boosts commute with each other no “Thomas precession”

[Bi7 Bj] =0
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Formally: take ¢ — O limit of Poincaré symmetries
Analogous to Galilean limit but with reversed roles of space and time

» Unchanged: translations H = 0;, P; = 0;, rotations J;; = x;0; — x;0;
» Changed: boosts

c—0

Bi = 02t GZ — X 8,5 — Bl = —=X; Bt

Carrollian algebra like Poincaré, except for boosts:
| 4 Hamiltonian commutes W|th Carro”ian bOOStS Hamiltonian in center of Carroll algebra

[B;, H =0
» Carrollian boosts commute with each other no “Thomas precession”
[Bi, Bj] =0
» Spatial translations do not commute with Carrollian boosts Heisenberg
[Bi, Pj] = bij H

boosts and translations generate subalgebra of Carroll algebra
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Formally: take ¢ — O limit of Poincaré symmetries
Analogous to Galilean limit but with reversed roles of space and time

» Unchanged: translations H = 0;, P; = 0;, rotations J;; = x;0; — x;0;
» Changed: boosts

c—0

Bi = 02t 81 — X at — Bl = —=X; 8,5

Carrollian algebra like Poincaré, except for boosts:
| 4 Hamiltonian commutes W|th Carro”ian bOOStS Hamiltonian in center of Carroll algebra

[B;, H =0
» Carrollian boosts commute with each other no “Thomas precession”
[Biv Bj] =0
» Spatial translations do not commute with Carrollian boosts Heisenberg
[Bi, Pj] = 6i; H
» Angular rotations do not commute with Carrollian boosts vector trafo
(B, Jij] = 0xs By
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Carrollian limit of Minkowski metric

> Metric degenerates to spatial metric:

—0

ds® = N dot da” = —? dt2+5ij dztda? B ds? = dij dz* da?
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Carrollian limit of Minkowski metric
> Metric degenerates to spatial metric:
ds® = N dot da” = —? dt2+5ij deidz? = ds? = dij dz* da?
P Inverse metric degenerates to temporal bi-vector:

1 0 —0 .
2 c
-t = (0 —026’7) = ot with v = §}'
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Carrollian limit of Minkowski metric
> Metric degenerates to spatial metric:
ds® = N dot da” = —? dt2+5ij deidz? = ds? = dij dz* da?
P Inverse metric degenerates to temporal bi-vector:

1 0 —0 .
2 c
-t = (0 —c25ij> = ot with v = §}'

» Carroll spacetimes require specification of Carrol metric h,, with

signature (0,+,+,...,+) and time-like Carroll vector v* with
v
hywv” =0
could envisage generalization to metrics with signature (0,...,0, —, ..., —, +...,4)
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Carrollian limit of Minkowski metric
> Metric degenerates to spatial metric:
ds® = N dot da” = —? dt2+5ij deidz? = ds? = dij dz* da?

P Inverse metric degenerates to temporal bi-vector:

1 0 —0 .
2 c
-t = (0 —c25ij> = ot with v = §}'

» Carroll spacetimes require specification of Carrol metric h,, with
signature (0,+,+,...,+) and time-like Carroll vector v* with

hyyv” =0

» Carroll symmetries preserve this Carroll structure
Lehyy, =0 = Lot

Carroll symmetries generated by vector £/ through Lie derivative
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Carroll gravity in Cartan-like variables

»> Since metric degenerate: convenient to use instead Cartan variables
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Carroll gravity in Cartan-like variables

»> Since metric degenerate: convenient to use instead Cartan variables

» For simplicity, show this in 1+1 dimensions; data:
temporal einbein 7, spatial einbein e, Carroll boost connection w
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Carroll gravity in Cartan-like variables

»> Since metric degenerate: convenient to use instead Cartan variables

» For simplicity, show this in 1+1 dimensions; data:
temporal einbein 7, spatial einbein e, Carroll boost connection w

» trafos under Carroll boosts:

T = —Mde 0xe =20 Ow = dA
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Carroll gravity in Cartan-like variables

> Since metric degenerate: convenient to use instead Cartan variables

» For simplicity, show this in 1+1 dimensions; data:
temporal einbein 7, spatial einbein e, Carroll boost connection w
» trafos under Carroll boosts:

O\T = —Ae ore=20 Ow = dA
translation to metric formulation:
v, =—1 ds® = hyy dzt dz” = eye, dat da”
as required, the metric h,, has signature (0,+) and obeys A, v" =0
additionally, we have the orthonomality relations
vte, =0 =el'r, ele, =1
where e* is the inverse spatial einbein
trafo under Carroll boosts:
5)\UM =0= 5>\h’#1/ 5>\e“ = —\v*
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Carroll gravity in Cartan-like variables

»> Since metric degenerate: convenient to use instead Cartan variables

» For simplicity, show this in 1+1 dimensions; data:
temporal einbein 7, spatial einbein e, Carroll boost connection w

» trafos under Carroll boosts:
T = —Mde 0xe =20 Ow = dA

» curvature: R = dw
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Carroll gravity in Cartan-like variables

» Since metric degenerate: convenient to use instead Cartan variables

» For simplicity, show this in 1+1 dimensions; data:
temporal einbein 7, spatial einbein e, Carroll boost connection w

» trafos under Carroll boosts:
(5)\7':—/\6 (5)\620 5>\w:d)\

» curvature: R = dw
» intrinsic torsion: K = de

the word “intrinsic” means independence from the Carroll boost connection w
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Carroll gravity in Cartan-like variables

\4

Since metric degenerate: convenient to use instead Cartan variables

» For simplicity, show this in 1+1 dimensions; data:
temporal einbein 7, spatial einbein e, Carroll boost connection w

» trafos under Carroll boosts:

T = —Mde 0xe =20 Ow = dA

v

curvature: R = dw
» intrinsic torsion: K = de
» torsion: T'=dr+wAe
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Carroll gravity in Cartan-like variables

» Since metric degenerate: convenient to use instead Cartan variables
» For simplicity, show this in 1+1 dimensions; data:
temporal einbein 7, spatial einbein e, Carroll boost connection w

» trafos under Carroll boosts:
O\T = —Ae ore=20 Ow = dA
» curvature: R = dw
» intrinsic torsion: K = de
» torsion: T'=dr+wAe
» simplest action: Carroll-Jackiw—Teitelboim model

ICJTN/(XR+XHT+XPKT/\6AX)

DG, Hartong, Prohazka, Salzer '20; Gomis, Hidalgo, Salgado-Rebolledo '20

X dilaton field

Xy: boost invariant auxiliary scalar

Xp: boost non-invariant auxiliary scalar

A: model parameter (comparable to cosmological constant)
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Carroll gravity in Cartan-like variables

» Since metric degenerate: convenient to use instead Cartan variables
» For simplicity, show this in 1+1 dimensions; data:
temporal einbein 7, spatial einbein e, Carroll boost connection w

» trafos under Carroll boosts:
5)\7':—)\6 (5)\620 5,\w:d)\
» curvature: R =dw
» intrinsic torsion: K = de
» torsion: T'=dr+wAe
» simplest action: Carroll-Jackiw—Teitelboim model

ICJTN/(XR+XHT+XPK—T/\6AX)

DG, Hartong, Prohazka, Salzer '20; Gomis, Hidalgo, Salgado-Rebolledo '20
X dilaton field

Xp1: boost invariant auxiliary scalar

Xp: boost non-invariant auxiliary scalar

A: model parameter (comparable to cosmological constant)

T A e: volume form

» on-shell: (intrinsic) torsion vanishes; constant curvature
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Generic Carroll dilaton gravity in two dimensions
DG, Hartong, Prohazka, Salzer '20

> Most general bulk action:

k
ICDG:% /(XR+XHT+XPK+T/\6V(X, XH))

for connoisseurs:
models above equivalent to Poisson-sigma model (PSM) with Poisson tensor

0 0 Xu
Pégrroll = 0 0 V(X7 XH)
—Xu —V(X, Xu) 0

to be contrasted with Poisson tensor of Lorentzian dilaton gravity

0 -xt X~
Pllients = | XT 0 VX, XTX7)
-X~ VX, XTX") 0
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Generic Carroll dilaton gravity in two dimensions
DG, Hartong, Prohazka, Salzer '20

> Most general bulk action:
k

ICDG:? /(XR+XHT+XPK+T/\6V(X, Xu))
T

» Non-trivial model input: choice of potential V(X, Xy)
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Generic Carroll dilaton gravity in two dimensions
DG, Hartong, Prohazka, Salzer '20

> Most general bulk action:
k
Iope = o /(XR+XHT+XPK+T/\6V(X, XH))
T
» Non-trivial model input: choice of potential V(X, Xy)
» Transformation under Carroll boosts:

Ow =dA OT = —el ore=0
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Generic Carroll dilaton gravity in two dimensions
DG, Hartong, Prohazka, Salzer '20

> Most general bulk action:
k
lep = o - /(XR+XHT+XPK+T/\€V(X, Xu))
T

» Non-trivial model input: choice of potential V(X, Xy)
» Transformation under Carroll boosts:

HhX =0 AXuy=0 0AXp = Xy A
Ohw =dA AT = —eA e =0
> Two additional gauge symmetries:
0rX =0 0\Xu=0 nXp =V
o X =— A\ 0\ Xu=—VA 0x.Xp =0
hw=—(0xV)e  oy7=d\— (OuV)eNs  d)e=0
hw = (0xV) T\ ox T = (OuV) TAr I e =d\,
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Generic Carroll dilaton gravity in two dimensions
DG, Hartong, Prohazka, Salzer '20

> Most general bulk action:
k
lep = o - /(XR+XHT+XPK+T/\€V(X, Xu))
T

» Non-trivial model input: choice of potential V(X, Xy)
» Transformation under Carroll boosts:

HhX =0 HXy=0 0ZXp=XuA
dhw = dA O\T = —eA dre=20
» Two additional gauge symmetries (A; = (w, 7, ¢), A\r = (A, A, Ay)):
X =0 InXu=0 nXp =V
Sy X =— A, Sy Xu=—V\ 5y Xp =0
hw=—(0xV)e  oy7=d\— (OuV)eNs  d)e=0
hw = (0xV) T\ ox T = (OuV) TAr I e =d\,

» On-shell they generate diffeomorphisms, \; = Aj, & iike Cs-form of 3d gravity
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Equations of motion

Variation of the bulk action

k
ICDG:% /(XR-i-XHT—i-XPK—l—T/\eV(X, Xu))

yields the equations of motion

0X Carroll curvature: R =dw = —0xV(X, Xu)T Ae

0 Xy Carroll torsion: T =dr+wAe=—0xgV(X, Xu)T Ae
60Xy No intrinsic torsion: K =de=0

ow Carroll metric: dX + Xyge=0

ot Carroll Casimir: dXy +V(X, Xy)e=0

de Auxiliary field: dXp — V(X, Xu)7 — Xugw =0
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Equations of motion

Variation of the bulk action

k
ICDG:% /(XR-i-XHT—i-XPK—l—T/\eV(X, Xu))

yields the equations of motion

0X Carroll curvature: R =dw = —0xV(X, Xu)T Ae

0 Xy Carroll torsion: T =dr+wAe=—0xgV(X, Xu)T Ae
60Xy No intrinsic torsion: K =de=0

ow Carroll metric: dX +Xge=0

ot Carroll Casimir: dXy +V(X, Xy)e=0

de Auxiliary field: dXp — V(X, Xu)7 — Xugw =0

Trivial solution sector: constant dilaton vacua, Xy =0
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Equations of motion

Variation of the bulk action

k
ICDG:% /(XR-i-XHT—i-XPK—l—T/\eV(X, Xu))

yields the equations of motion assume v even function in X1

0X Carroll curvature: R=dw=-0xV(X,0)T Ne
0 Xy Carroll torsion: T=dr+wAe=0

0Xp No intrinsic torsion: K=de=0

ow Carroll metric: dX =0

ot Carroll Casimir: V(X,0)e=0

de Auxiliary field: dXp —V(X,0)7=0

Trivial solution sector: constant dilaton vacua, Xz =0 = X = const.
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Equations of motion

Variation of the bulk action

k
ICDG:% /(XR-i-XHT—i-XPK—l—T/\eV(X, Xu))

yields the equations of motion assume v even function in X1

0X Carroll curvature: R=dw=-0xV(X,0)T Ne
0 Xy Carroll torsion: T=dr+wAe=0

0Xp No intrinsic torsion: K=de=0

ow Carroll metric: 0=0

ot Carroll Casimir: V(X,0)e=0

de Auxiliary field: dXp —V(X,0)7=0

Trivial solution sector: constant dilaton vacua, Xy =0 = X = const. =
V(X,0)=0
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Equations of motion

Variation of the bulk action

k
ICDG:% /(XR-i-XHT—i-XPK—l—T/\eV(X, Xu))

yields the equations of motion assume v even function in X1

0X Carroll curvature: R=dw=-0xV(X,0)T Ne
0 Xy Carroll torsion: T=dr+wAe=0

0Xp No intrinsic torsion: K=de=0

ow Carroll metric: 0=0

oT Carroll Casimir: 0=0

de Auxiliary field: dXp =0

Trivial solution sector: constant dilaton vacua, Xy =0 = X = const. =
V(X, 0) =0 = Xp = const.
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Equations of motion

Variation of the bulk action

k
ICDG:% /(XR-i-XHT—i-XPK—l—T/\eV(X, Xu))

yields the equations of motion assume v even function in X1

0X Carroll curvature: R=dw=-0xV(X,0)T Ne
0 Xy Carroll torsion: T=dr+wAe=0

0Xp No intrinsic torsion: K=de=0

ow Carroll metric: 0=0

oT Carroll Casimir: 0=0

de Auxiliary field: 0=0

Trivial solution sector: constant dilaton vacua, Xy =0 = X = const. =
V(X, 0) =0 = Xp = const.
moreover: constant curvature, vanishing torsion; boring solutions!
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Generic solutions (“linear dilaton vacua™)
Florian Ecker et al. 2308.10947

Solution algorithm inspired by Lorentzian 2d dilaton gravity (see DG,
Kummer, Vassilevich '02)
> Assume XH ;é 0 and write e = — dX/XH for simplicity assume here V = V(X))
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https://arxiv.org/abs/2308.10947

Generic solutions (“linear dilaton vacua”)
Florian Ecker et al. 2308.10947

Solution algorithm inspired by Lorentzian 2d dilaton gravity (see DG,
Kummer, Vassilevich '02)
» Assume Xy # 0 and write e = — dX/ Xy for simplicity assume here V = V(X)
» Insert into Carroll Casimir equation

% d(X2) - V(X)dX =0

and solve it for Xy as function of dilaton X (w(X) := [~ V(y) dy)

Xy = +£1/2(w(X) — M) dM =0
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Generic solutions (“linear dilaton vacua”)
Florian Ecker et al. 2308.10947

Solution algorithm inspired by Lorentzian 2d dilaton gravity (see DG,
Kummer, Vassilevich '02)
» Assume Xy # 0 and write e = — dX/ Xy for simplicity assume here V = V(X)
» Insert into Carroll Casimir equation

% d(X2) - V(X)dX =0

and solve it for Xy as function of dilaton X (w(X) := [~ V(y) dy)

Xy = +£1/2(w(X) — M) dM =0

> constant of motion M corresponds to mass of the state
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Generic solutions (“linear dilaton vacua”)
Florian Ecker et al. 2308.10947

Solution algorithm inspired by Lorentzian 2d dilaton gravity (see DG,
Kummer, Vassilevich '02)
» Assume Xy # 0 and write e = — dX/ Xy for simplicity assume here V = V(X)
» Insert into Carroll Casimir equation

1
3 d(X2) - V(X)dX =0
and solve it for Xy as function of dilaton X (w(X) := [~ V(y) dy)

Xy = +£1/2(w(X) — M) dM =0

> constant of motion M corresponds to mass of the state
> solve absence of intrinsic torsion by e = dr (“radial coordinate”)
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Generic solutions (“linear dilaton vacua”)
Florian Ecker et al. 2308.10947

Solution algorithm inspired by Lorentzian 2d dilaton gravity (see DG,
Kummer, Vassilevich '02)
» Assume Xy # 0 and write e = — dX/ Xy for simplicity assume here V = V(X)
» Insert into Carroll Casimir equation

% d(X2) - V(X)dX =0

and solve it for Xy as function of dilaton X (w(X) := [~ V(y) dy)

Xy = +£1/2(w(X) — M) dM =0

> constant of motion M corresponds to mass of the state

solve absence of intrinsic torsion by e = dr (“radial coordinate”)

P remaining equations yield dilaton, timelike vector field, and metric
dX 1

= P = —
Xu Xy

v

dr = O ds? = dr?
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Example: Carroll-Jackiw—Teitelboim model

» pick V(X) = E% X with Carroll-AdS radius ¢ > 0
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Example: Carroll-Jackiw—Teitelboim model

» pick V(X) = 2% X with Carroll-AdS radius ¢ > 0

» apply algorithm and find

1 X
Xzier/z—i—Mﬁze_T/g W=7 dt
1
XH:?ger/K—MEe_T/f T=Xydt
Xp=0 e=dr.
or in metric variables
20 e/t 2 2
v = Y= Ot ds® =dr
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Example: Carroll-Jackiw—Teitelboim model

» pick V(X) = é% X with Carroll-AdS radius ¢ > 0

» apply algorithm and find

X = ler/e + MPZer/t

2
1
X — — r/K_M —r/l
" 2Ee le
Xp:O

or in metric variables

20T/t
— 375
1 —2MP2e=2r/t

v

X
e=dr.
ds? = dr?

P three qualitatively different classes of solutions:

1. M < 0: reminiscent of global AdSs in JT

2. M = 0: reminiscent of Poincaré patch AdS, in JT
3. M > 0: reminiscent of black hole sector of JT
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Example: Carroll-Jackiw—Teitelboim model

> pick V(X) = E%X with Carroll-AdS radius ¢ > 0

key feature: locus with Xy = 0 part of solution?

Xu
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Outline

Carroll thermal properties
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Carroll energy

» codimension-2 charge variation for generic PSM:

k

2

SQ[N = — A oxt
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Carroll energy

» codimension-2 charge variation for generic PSM:

k
QN = 5 ox!

» charge associated with unit time-translations £ = 0;:

k
SQINr = Ap] = 5 6M

with the (conserved) mass defined through the Casimir

1
M:w(X)—§X§ dM =0
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Carroll energy

» codimension-2 charge variation for generic PSM:

k
QN = 5 ox!

» charge associated with unit time-translations £ = 0;:

k
SQINr = Ap] = 5 6M

with the (conserved) mass defined through the Casimir
1
M:w(X)—§X§ dM =0

» define Carroll energy as charge associated with unit time translations

k

T or

E

Daniel Grumiller — Carroll black holes Carroll thermal properties 18/38



Carroll temperature

» demand disk topology (with center at X = 0)

271';/ dw—/ w
M oM

where w is the Carroll boost connection
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Carroll temperature

» demand disk topology (with center at X = 0)

271';/ dw—/ w
M oM

where w is the Carroll boost connection

> equality above yields

o = 50Xw(X)‘Xmin

where X,.;, is minimal value of dilaton
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Carroll temperature

» demand disk topology (with center at X = 0)

271';/ dw—/ w
M oM

where w is the Carroll boost connection

> equality above yields

o = B oxw(X) ‘Xmin

where X,.;, is minimal value of dilaton

» Interpreting 3 = T~! as inverse Carroll temperature yields

w/ (Xmin)
27

T:

formally identical to Hawking temperature in Lorentzian case

Daniel Grumiller — Carroll black holes Carroll thermal properties
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Carroll entropy
> Wald-like derivation yields
S = k:Xmin

concurrent with the Lorentzian result for the Wald entropy (“dilaton
evaluated at the horizon™)
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Carroll entropy
> Wald-like derivation yields
S = k:Xmin

concurrent with the Lorentzian result for the Wald entropy (“dilaton
evaluated at the horizon™)
» variation of mass yields

0F = % (w'(X) 06X — Xy 0Xy)
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Carroll entropy
> Wald-like derivation yields
S = k:Xmin

concurrent with the Lorentzian result for the Wald entropy (“dilaton
evaluated at the horizon™)
» variation of mass yields

0F = % (w'(X) 06X — Xy 0Xy)

> evaluation at minimal value of dilaton (where X} = 0) establishes
first law
OE =TS
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Carroll entropy
> Wald-like derivation yields
S = k:Xmin

concurrent with the Lorentzian result for the Wald entropy (“dilaton
evaluated at the horizon™)
» variation of mass yields

0F = % (w'(X) 06X — Xy 0Xy)

> evaluation at minimal value of dilaton (where X} = 0) establishes
first law
OE =TS

» dimensional subtlety: to get dimensionless entropy need radius and
time to have same dimensions = need velocity as conversion factor!
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Carroll entropy
> Wald-like derivation yields
S = k:Xmin

concurrent with the Lorentzian result for the Wald entropy (“dilaton
evaluated at the horizon™)
» variation of mass yields

0F = % (w'(X) 06X — Xy 0Xy)

> evaluation at minimal value of dilaton (where X} = 0) establishes
first law
OE =TS

» dimensional subtlety: to get dimensionless entropy need radius and
time to have same dimensions = need velocity as conversion factor!

» e.g. view Carrollian theories as limits of Carrollian expansions where
speed of light still present

Daniel Grumiller — Carroll black holes Carroll thermal properties 20/38



Outline

Carroll extremal surfaces
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Lorentzian extremal surfaces

» classify co-dimension-2 surfaces according to their null expansions
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Lorentzian extremal surfaces

» classify co-dimension-2 surfaces according to their null expansions
» Lorentzian 2d dilaton gravity: amounts to classification of signs of X+

ds* =2dv (dX + XTX~ dv)
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Lorentzian extremal surfaces

> classify co-dimension-2 surfaces according to their null expansions
» Lorentzian 2d dilaton gravity: amounts to classification of signs of X+

ds® = 2dv (dX + XTX ™ dv)

signs | Xt >0 Xt <0 Xt=o0
X >0 anti-trapped anti-normal marginally anti-trapped
X" <0 normal trapped marginally trapped
X~ = 0 | marginally anti-trapped  marginally trapped extremal

marginally trapped

trapped

anti-normal

extremal normal

anti-trapped

marginally anti-trapped
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Lorentzian extremal surfaces

> classify co-dimension-2 surfaces according to their null expansions
» Lorentzian 2d dilaton gravity: amounts to classification of signs of X+

ds* =2dv (dX + XTX~ dv)

> action of Lorentzian boosts on X=:
HX =0 HXT = FAXT
» same result evaluated at extremal surface:

(5)\X‘ext = 0 5}\X:‘:‘ext = 0

[ Extremal surfaces are boost invariant locil ]
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Carroll extremal surfaces

» search for loci that are Carroll boost invariant
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Carroll extremal surfaces

» search for loci that are Carroll boost invariant
» recall action of Carroll boosts on various scalar fields:
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Carroll extremal surfaces

» search for loci that are Carroll boost invariant
» recall action of Carroll boosts on various scalar fields:

» suggests definition of CES
XH — 0
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Carroll extremal surfaces

» search for loci that are Carroll boost invariant
» recall action of Carroll boosts on various scalar fields:

» suggests definition of CES
XH — O

» Carrollian classification of co-dimension-2 surfaces simple

signs | Xy >0  Xy<0 Xu;=0
‘ normal anti-normal extremal
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Carroll extremal surfaces

» search for loci that are Carroll boost invariant
» recall action of Carroll boosts on various scalar fields:

» suggests definition of CES
XH — 0

» Carrollian classification of co-dimension-2 surfaces simple

signs | Xy >0  Xy<0 Xu;=0
‘ normal anti-normal extremal

normal anti-normal
extremal extremal
anti-normal normal
Daniel Grumiller — Carroll black holes Carroll extremal surfaces 23/38



Outline

Carroll black holes
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Proposal for Carroll black hole definition in 2d

no horizons S no black holes
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Proposal for Carroll black hole definition in 2d

no horizons S no black holes

If this was true there would be no black holes in

» Carroll gravity
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Proposal for Carroll black hole definition in 2d

no horizons S no black holes

If this was true there would be no black holes in
» Carroll gravity
P higher spin gravity
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no horizons S no black holes

If this was true there would be no black holes in
» Carroll gravity

P higher spin gravity

» quantum gravity
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Proposal for Carroll black hole definition in 2d

no horizons S no black holes

If this was true there would be no black holes in
» Carroll gravity

P higher spin gravity

» quantum gravity

-

Carroll black holes are defined to have all of these properties:

1. (exact) solution to some Carroll gravity
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Proposal for Carroll black hole definition in 2d

no horizons S no black holes

If this was true there would be no black holes in
» Carroll gravity

P higher spin gravity

» quantum gravity

Carroll black holes are defined to have all of these properties:
1. (exact) solution to some Carroll gravity

2. Carroll thermal state (finite temperature and entropy)
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Proposal for Carroll black hole definition in 2d

no horizons S no black holes

If this was true there would be no black holes in
» Carroll gravity

P higher spin gravity

» quantum gravity

Carroll black holes are defined to have all of these properties:
1. (exact) solution to some Carroll gravity
2. Carroll thermal state (finite temperature and entropy)
3. must have (isolated) CES

Daniel Grumiller — Carroll black holes Carroll black holes 25/38



Outline

Example and lift to higher dimensions
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Selected list of 2d Carroll dilaton gravity models V = V(X) — 1 X2 U(X

)

| Model | Ux) | V(X) |
1. Carroll-Schwarzschild —ﬁ —\2
2. Carroll-Jackiw—Teitelboim 0 AX
3. Carroll-Witten BH —% —202X
4. Carroll-CGHS 0 A
5. Carroll-Schwarzschild—Tangherlini —(Dl)__2§’X —\2 X (P-4)/(D=-2)
6. All above: Carroll ab-family —% BXxoath
7. Carroll-Liouville gravity a beX
8. Carroll-Reissner—Nordstrom —ﬁ -2 4 %2
9. Carroll-Schwarzschild-(A)dS — 5% ~A2+AX
10. Carroll-Katanaev—Volovich « BX? —
11. Carroll-Achtcarro—Ortiz 0 %2 — 4)";3 —AX
12. Carroll 2D type OA string BH —% 202X 4 2T b2 ’

Daniel Grumiller — Carroll black holes
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Carroll-Schwarzschild black hole
2d Carroll dilaton gravity perspective

» CSBH given by 2d Carroll dilaton gravity with potentials

! o

U(X) = 3% V(x) =5

yielding the solutions

X
Xy = —\/4X —4MVX r=——1 4t e =dr
" WX
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Carroll-Schwarzschild black hole
2d Carroll dilaton gravity perspective

» CSBH given by 2d Carroll dilaton gravity with potentials

! o

U(X) = 3% V(x) =5

yielding the solutions

X
Xy = —\/4X —4MVX r=——1 4t e =dr
" WX

» in second order variables we get (X =r?, M = 2m)

1 dr?
V=" at h= T om
m
12 -
r
Carrollian curvature scalar singular at origin, R = —4m /13
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Carroll-Schwarzschild black hole
2d Carroll dilaton gravity perspective

» CSBH given by 2d Carroll dilaton gravity with potentials

! o

U(X) = 3% V(x) =5

yielding the solutions

X
Xy = —\/4X —4MVX r=——1 4t e =dr
" WX

» in second order variables we get (X =r?, M = 2m)

1 dr?
V=" at h == T om
12 -
Carrollian curvature scalar singular at origin, R = —4m /13
» Carroll thermodynamics yields
k 1
=" T=— S = 4km?
m 8mm
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Carroll-Schwarzschild black hole
PSM target space perspective

Xu

M <0

M >0

S

Daniel Grumiller — Carroll black holes

Example and lift to higher dimensions
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Carroll-Schwarzschild black hole
Map of perspectives (orange = Lorentzian, yellow = Carrollian)

" GRin D dim., ¢{)

spher. red.: choose
uyv

[ 2d dil. grav., g, X

reformulate in terms
of zweibein, spin
connection, and
aux. fields

[ 2d dil. grav., w

e, X, X

restrict to
U=0VxX

1T, w, €%, X, X° J

most general
deformation
V(X,X%X,)

"T{Mag. Carr., 9](\?1)\/' oM

& introduce aux. fields

c—0

introduce aux. fields
ADM split

& magnc — 0

SM target space

diffeomorphism

c—0

u,v
Mag. Carr. 2d dil. grav.
gul/v v, X, XPv p

Mag. Carr. 2d dil. grav.
hij, 9, X, mx, N, N*

solve torsion constr.
change to ADM
variables

Carr. 2d dil. grav.
w, 7, e, X, Xu, Xp

, ¢MN]

l spher. red.: choose

solve torsion constr.

\

contract algebra
restrict to
U=0V xX

{PSM Aj, XIHPSM Aj, XIH CT, w, 7, e, X, Xu, Xp J
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Carroll-Schwarzschild black hole
4d Carroll gravity perspective

wormbhole coordinates
p<l1 p>1
p=1 o

m
2

1
(p+=+2)
P

yield Carrollian structure (note p — 1)

1
v:7P+ Ot

p—1

1)2\2
h = 4m? (%) (4p® + p* a0?)

» magnetic ¢ — 0 limit of Schwarzschild metric

2m dr?
ds? = —¢? (1 - T> df? + g 1 0
yields Carrollian structure
1 dr?
V= —— Ty dat da” = —— 412 402

V12 1=
r
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4d Carroll gravity perspective on CES

» CES can exist in any dimension
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4d Carroll gravity perspective on CES

» CES can exist in any dimension
» codimension-2 surfaces that are extremal
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4d Carroll gravity perspective on CES

» CES can exist in any dimension
» codimension-2 surfaces that are extremal
> for 4d Carroll-Schwarzschild they satisfy

2
eMaMr2:0 = (1——m)r:0 = Tcps = 2M
r
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4d Carroll gravity perspective on CES

» CES can exist in any dimension
» codimension-2 surfaces that are extremal
» for 4d Carroll-Schwarzschild they satisfy

2
eMaMr2:0 = (1——m>r=0 = T'ops = 2M
T

» CES precisely at throat of the wormhole!

wormhole coordinates
p<l1 p>1

1
p=1 r="2(p+ - +2)
2 p
yield CES at

Icpgs = 2m = pcps = 1
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4d Carroll perspective on Carroll thermodynamics

» Bekenstein—Hawking results for Schwarzschild:

Ame® m? hc 4
B Tsn = Egn=—m

hG 8rm

o

SBH =

Q
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4d Carroll perspective on Carroll thermodynamics

» Bekenstein—Hawking results for Schwarzschild:

dmted m? he ct
o= e o = e Pon=gm
» magnetic limit: keep fixed Gy = G/c* and m while expanding in c
47t m? he 1
heG oy 8T m Gu m
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4d Carroll perspective on Carroll thermodynamics

» Bekenstein—Hawking results for Schwarzschild:

dmted m? he ct
o= e o = e Pon=gm
» magnetic limit: keep fixed Gy = G/c* and m while expanding in ¢
47t m? he 1
= T = E - - .
heG oy 8T m Gu m
» maps precisely to 2d Carroll dilaton gravity results
k= hch X =12 X = 4m? w(X) =hevVX
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4d Carroll perspective on Carroll thermodynamics

» Bekenstein—Hawking results for Schwarzschild:

dmted m? he ct
o= e o = e Pon=gm
» magnetic limit: keep fixed Gy = G/c* and m while expanding in ¢
47t m? he 1
= T = E - - .
heG 8Tm Gu m
» maps precisely to 2d Carroll dilaton gravity results
k= hch X =12 X = 4m? w(X) =hevVX

» units make sense: S dimensionless; E,T in Joule
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4d Carroll perspective on Carroll thermodynamics

» Bekenstein—Hawking results for Schwarzschild:

dmted m? he ct
o= e o = e Pon=gm
» magnetic limit: keep fixed Gy = G/c* and m while expanding in ¢
47t m? he 1
= T = E - - .
heG 8Tm Gu m
» maps precisely to 2d Carroll dilaton gravity results
k= hch X =12 X = 4m? w(X) =hevVX

» units make sense: S dimensionless; E,T in Joule
> topological derivation of temperature reproduced by 4d calculation
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4d Carroll perspective on Carroll thermodynamics

» Bekenstein—Hawking results for Schwarzschild:

dmted m? he ct
o= e o = e Pon=gm
» magnetic limit: keep fixed Gy = G/c* and m while expanding in ¢
47t m? he 1
= T = E - - .
heG 8Tm Gu m
» maps precisely to 2d Carroll dilaton gravity results
k= hch X =12 X = 4m? w(X) =hevVX

» units make sense: S dimensionless; E,T in Joule
topological derivation of temperature reproduced by 4d calculation
» note the Smarr-type relation

v

E=2TS
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4d Carroll perspective on Carroll thermodynamics

» Bekenstein—Hawking results for Schwarzschild:

dmted m? he ct
o= e o = e Pon=gm
» magnetic limit: keep fixed Gy = G/c* and m while expanding in ¢
47t m? he 1
= T = E - - .
heG 8Tm Gu m
» maps precisely to 2d Carroll dilaton gravity results
k= hch X =12 X = 4m? w(X) =hevVX

» units make sense: S dimensionless; E,T in Joule
topological derivation of temperature reproduced by 4d calculation
» note the Smarr-type relation

v

E=2TS
» of course, the first law holds: 6FE =T 6S

Daniel Grumiller — Carroll black holes Example and lift to higher dimensions 33/38



Outline

Generalizations
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Charged Carroll black holes

» adding a Maxwell field A to 2d Carroll gravity straightforward
L=Y dA+X dw+ Xy (dT+wAe)+Xp de+V(X, Xy, Y)T A€

requires new target space coordinate Y
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Charged Carroll black holes
» adding a Maxwell field A to 2d Carroll gravity straightforward
L=Y dA+ X dw+ X (dT—f—u)/\@) +Xp de+V(X, Xy, Y)T Ne

requires new target space coordinate Y
» example: Carroll-Reissner—Nordstrom

AZ X2 Y2
X, Xg, V)="—+2L - ——
Vers (X X, V) =0+ — 1%
on-shell recover Coulomb potential
A= g
r
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Charged Carroll black holes
» adding a Maxwell field A to 2d Carroll gravity straightforward
L=Y dA+ X dw+ X (dT—f—u)/\@) +Xp de+V(X, Xy, Y)T Ne

requires new target space coordinate Y
» example: Carroll-Reissner—Nordstrom

AZ X2 Y2
X, Xg, V)="—+2L - ——
Vers (X X, V) =0+ — 1%
on-shell recover Coulomb potential
A= g
r

» have up to two CES

ry =m+/m?—q?

Daniel Grumiller — Carroll black holes Generalizations 35/38



Charged Carroll black holes

>

adding a Maxwell field A to 2d Carroll gravity straightforward
L=Y dA+X dw+ Xy (dT+wAe)+Xp de+V(X, Xy, Y)T A€

requires new target space coordinate Y
example: Carroll-Reissner—Nordstrom

AZ X2 Y2
X, Xg, V)="—+2L - ——
Vers (X X, V) =0+ — 1%
on-shell recover Coulomb potential
A= g
r

have up to two CES
ry =m+/m?—q?

obtain BPS-like bound
‘Qe’ <m
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Rotating Carroll black holes
Carroll limit of spherically reduced BTZ black hole (a.k.a. Carroll-Achticarro—Ortiz)

» Kaluza—Klein reduction of AdSs Einstein gravity
ds? = gap(2?) dz® dz® + X2(27) (de + Aa(z?) daz:"‘)2
leads to Achtcarro—Ortiz model (2d dilaton gravity) with potential

X Y2
Vio(X,Y) = 2 X3
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Rotating Carroll black holes
Carroll limit of spherically reduced BTZ black hole (a.k.a. Carroll-Achticarro—Ortiz)

» Kaluza—Klein reduction of AdSs Einstein gravity
ds? = gap(2?) dz® dz® + X2(27) (de + Aa(z?) dxo‘)2

leads to Achtcarro—Ortiz model (2d dilaton gravity) with potential

X Y2
Vol =~ 5
> after Carroll limit yields 2d charged Carroll solutions
dx?
2 _ 1.2 _
ds _dT_XPQI v = X—Hat Xy==+ \/XQ——2M

with gauge field A = % dt and Y = J = const.
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Rotating Carroll black holes
Carroll limit of spherically reduced BTZ black hole (a.k.a. Carroll-Achticarro—Ortiz)

» Kaluza—Klein reduction of AdSs Einstein gravity
ds? = gap(2?) dz® dz® + X2(27) (de + Aa(z?) dxo‘)2

leads to Achtcarro—Ortiz model (2d dilaton gravity) with potential

X Y2
Vol =~ 5
> after Carroll limit yields 2d charged Carroll solutions
dx?
2 _ 1.2 _
ds _dT_XPQI v = X—Hat Xy==+ \/XQ——2M

with gauge field A = % dt and Y = J = const.
» have again two CES

X3 =M+VM2-J2
and BPS-bound |J| < M
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Other generalizations and applications

» mathematics of Carroll black holes
> Carrollian structure singularities (v — 0o, v — 0)
» topologies of Carroll manifolds
» Carrollian singularity theorems?
> sharper/alternative definitions of CES and Carroll black holes?
» second and third law?
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Other generalizations and applications

» mathematics of Carroll black holes
> rotating and/or supersymmetric Carroll black holes

>

>
>
>
4

Carroll supergravity

Carroll dilaton supergravity

BPS bounds

Killing spinors

rotating Carroll black holes in 4d and higher?
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Other generalizations and applications

» mathematics of Carroll black holes
> rotating and/or supersymmetric Carroll black holes
> adding matter

» electric vs. magnetic matter couplings

» backreactions

» loop effects

» Carroll black hole formation?

> Hawking-like effect?
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Other generalizations and applications

» mathematics of Carroll black holes
> rotating and/or supersymmetric Carroll black holes
» adding matter

» fracton gravity
> see
simple map/reinterpretation of 2d Carroll dilaton gravity fields
H, P,Q, D (energy, momentum, charge, dipole moment)

[D’ P] =Q
fraction BF action = 2d Carroll dilaton gravity (without potential)
L=XpdA" + XpdAP + Xo(dAQ + AP A AT) + Xp dAP
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Other generalizations and applications

» mathematics of Carroll black holes

rotating and/or supersymmetric Carroll black holes
adding matter

fracton gravity

Carroll cosmologies and CES

vvyyvyy
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Other generalizations and applications

>
>

| 2
>

mathematics of Carroll black holes

rotating and/or supersymmetric Carroll black holes
adding matter

fracton gravity

Carroll cosmologies and CES

ChatGPT concludes:

7

Carroll black holes may still hold many mysteries,
but their fascinating properties and potential
implications for our understanding of the universe
make them an exciting and promising avenue for
future research in the field of astrophysics.
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Other generalizations and applications

>
>

| 2
>

mathematics of Carroll black holes

rotating and/or supersymmetric Carroll black holes
adding matter

fracton gravity

Carroll cosmologies and CES

ChatGPT concludes:

7

\.

Carroll black holes may still hold many mysteries,
but their fascinating properties and potential
implications for our understanding of the universe
make them an exciting and promising avenue for
future research in the field of astrophysics.

| conclude:

[ Carroll black holes are fun — feel free to join the adventure ]
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