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I. Plan and Motivations

• Study of the classical phase space of 3D asymptotically AdS gravity

Select the allowed metric fluctuations at infinity [Brown-Henneaux ’86]

• No requirement to fix any particular gauge but it is often convenient

For example: Fefferman-Graham, Bondi gauge [Starobinsky ’83, Fefferman-Graham ’85]

[Bondi-van der Burg-Metzner ’62, Sachs ’62]

• In this talk: Weyl-Fefferman-Graham gauge [Ciambelli-Leigh ’19, Jia-Karydas ’21]

Interesting implications for holography

Link with the covariant Bondi gauge, allow for a smooth flat-space limit

Arnaud DELFANTE (UMONS) Weyl-Fefferman-Graham and covariant Bondi gauges 1 / 10



Outline

I. Plan and Motivations

II. Weyl-Fefferman-Graham

III. Covariant Bondi

IV. Summary and Future Possibilities

Arnaud DELFANTE (UMONS) Weyl-Fefferman-Graham and covariant Bondi gauges 1 / 10



II. Fefferman-Graham gauge in 3D

• Useful gauge fixing for holography: [Fefferman-Graham ’85]

Any asymptotically AdS3 space can be written near the boundary as (ℓ = 1)

ds2AdS = gµνdx
µdxν =

dρ2

ρ2
+ hij(ρ, x)dx

idx j

ρ is a spacelike coordinate s.t. ρ = 0 locates the bdy
x i are bdy coords: x1 = t is timelike and x2 = θ is spacelike

• Boundary geometry → leading order in the asymptotic expansion

hij(ρ, x) =
1

ρ2
h
(0)
ij (x) +O(1)

• FG expansion does not transform Weyl-covariantly under [Henningson-Skenderis ’98]

ρ → ρ′ =
ρ

B(x)
, x i → x ′

i
= x i + ξi (ρ, x)
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II. Weyl-Fefferman-Graham gauge in 3D

• Solution: relax the FG ansatz to the WFG gauge [Ciambelli-Leigh ’19]

ds2AdS =
(

dρ
ρ − ki (ρ, x)dx

i
)2

+ hij(ρ, x)dx
idx j , ki (ρ, x) = k

(0)
i (x) +O(ρ2)

↪→ h
(0)
ij (x) is the bdy metric and k

(0)
i (x) is a bdy Weyl connection

• Question: Is the Weyl structure associated with an asymptotic symmetry?

• Einstein gravitation → Chern-Simons gauge theory (LEH = LCS [A] − LCS [Ã])

[Achucarro-Townsend ’86, Witten ’88]

LCS [A] =
1

16πGTr
(
A ∧ dA + 2

3 A ∧ A ∧ A
)

Isometry algebra of AdS3 = so(2, 2) ∼= sl(2,R)⊕ sl(2,R)

[Ln, Lm] = (n −m)Ln+m
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II. WFG gauge in 3D: asymptotic symmetries

• Boundary conformally-flat parametrization: (x± = t ± θ)

h
(0)
ij dx idx j = e2ϕ(x

+,x−)dx+dx−

• Solution space – Chern-Simons connections:

Aρ = − 1
ρL0 +O(ρ2) ,

A+ = 1
ρe

ϕL1 + (2 k
(0)
+ − ∂+ϕ)L0 − ρ e−ϕh

(2)
++L−1 +O(ρ2) ,

A− = ∂−ϕ L0 + ρ e−ϕ∂−(k
(0)
+ − ∂+ϕ)L−1 +O(ρ3) ,

where h
(2)
++ = ℓ+(x

+)− (k
(0)
+ − ∂+ϕ)

2 − ∂+(k
(0)
+ − ∂+ϕ)

• Surface charges: (δλϕ = σ , δλk
(0)
i = h

(0)
i )

Q = − 1

8πG

∫ 2π

0

dθ
[
ϕ(∂tσ − h

(0)
t )− σ(∂tϕ− k

(0)
t )
]

The Weyl connection is associated with an asymptotic symmetry!
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II. WFG gauge in 3D: passage to Covariant Bondi

Solution space – Chern-Simons connections: (A = b−1(d + a)b)

• WFG (b(ρ) = exp(− log ρ L0))

a+ = eϕL1 + (2 k
(0)
+ − ∂+ϕ)L0 − e−ϕh

(2)
++L−1 ,

a− = ∂−ϕ L0 + e−ϕ∂−(k
(0)
+ − ∂+ϕ)L−1 ,

h
(2)
++ = ℓ+(x

+)− (k
(0)
+ − ∂+ϕ)

2 − ∂+(k
(0)
+ − ∂+ϕ)

• Covariant Bondi (b(r) = exp(r L−1))

a+ = eφ+ζL1 + ∂+(φ− ζ)L0 − e−(φ+ζ)h
(2)
++L−1 ,

a− = ∂−(φ+ ζ)L0 − e−(φ+ζ)∂+∂−ζ L−1 ,

h
(2)
++ = ℓ+(x

+)− (∂+ζ)
2 + ∂2

+ζ

• Passage from WFG to CB

k
(0)
i (x) → ∂iφ(x) , ϕ(x) → φ(x) + ζ(x)
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III. Covariant Bondi gauge in AdS

• Key idea 1: relax the AdS Bondi gauge → dependence on the boundary dyad

ds2AdS =
2

k2
u (dr + r A) + r2ds2bdy +

8πG

k4
u (ε u + χ ∗u)

• Boundary metric and Cartan frame: (u = − k
2 e

φ(eζdx+ − e−ζdx−))

ds2bdy =
1
k2 (−uiuj + ∗ui ∗uj) dx idx j= e2φdx+dx−

Weyl connection: [Loganayagam ’08]

A = 1
k2 (Θ

∗∗u−Θu) , Θ = ∇iu
i , Θ∗ = ∇i ∗ui

• Energy-momentum tensor: [Brown-York ’93]

T = T(ε, χ) : ∇iT
ij = 0 , T i

i =
R

16πGk
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III. CB gauge in AdS: asymptotic symmetries

• Residual symmetries: [Ciambelli-Marteau-Petropoulos-Ruzziconi ’20]

v =
(
ξi − 1

k2r η ∗ui
)
∂i +

(
r σ + 1

k2

(
∗uj ∂jη +Θ∗η

)
+ 4πG

k2r χη
)
∂r

where (ds2bdy = gijdx
idx j )

δ(ξ,σ,η)gij = Lξgij + 2σ gij

and (
u′

∗u′
)

=

(
cosh η sinh η
sinh η cosh η

)(
u
∗u

)

• Charges associated with the Weyl–Lorentz symmetries: (δvφ = σ̂, δvζ = η̂)

Q =
1

8πGk2

∫ 2π

0

dθ
[
ζ ∂u η̂ − η̂ ∂uζ

]
Anomaly in the Lorentz symmetry in the dual theory (Fij = ∂iAj − ∂jAi )

δ(ξ,σ,η)SL =

∫ (
η

F

8πG

)
Vol∂M
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III. Flat limit and boundary Carroll frames

• Key idea 2: null gauges in AdS admit a proper flat limit

↪→ in the flat limit: timelike AdS bdy → null manifold

↪→ bdy metric → degenerate ⇒ Carrollian geometry

• Bulk metric: [Campoleoni-Ciambelli-Marteau-Petropoulos-Siampos ’19]

ds2Flat = lim
k→0

ds2AdS = 2µ (dr + rA) + r2 (µ∗)2 + 8πG µ (ϵµ+ αµ∗)

↪→ small-k behavior for the line element quantities:

µ = lim
k→0

u

k2
, µ∗ = lim

k→0

∗u
k

, υ = lim
k→0

u , υ∗ = lim
k→0

∗u
k

,

α = lim
k→0

χ

k
, ϵ = lim

k→0
ε , A = lim

k→0
A = µ∗ θ∗ − µ θ
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III. Flat limit: asymptotic symmetries

• Residual symmetries: [Ciambelli-Marteau-Petropoulos-Ruzziconi ’20]

v =
(
ξi − 1

r λυi
∗
)
∂i +

(
r σ + υj

∗∂jλ+ θ∗λ+ 4πG
r αλ

)
∂r

↪→ bdy diffeomorphisms ξi (x), Weyl rescalings σ(x) and Carroll boosts λ(x)

λ(x) = lim
k→0

η(x)
k

• Conformal gauge: parametrization of the Carrollian dyad (β = limk→0
ζ
k )

µ = −eφ(du + β dθ) , µ∗ = eφdθ

Charges associated with the Weyl–boost symmetries: (δvφ = σ̂, δvβ = λ̂)

Q =
1

8πG

∫ 2π

0

dθ
[
β ∂uλ̂− λ̂ ∂uβ

]
Anomalies: (Fij = ∂iAj − ∂jAi )

δ(ξ,σ,λ)SC =

∫ (
λ

F
8πG

)
vol∂M
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IV. Summary

Main goal:

• Explore the charges of 3D gravity in Weyl–Fefferman–Graham and covariant
Bondi gauges

Results:

• Residual symmetries, surface charges and anomalies

• FG fixing can constrain the physical solution space

• New holographic Carrollian prediction

Future possibilities:

• Relate to asymptotic corner group [Donnelly-Freidel ’16, Freidel-Geiller-Pranzetti ’20,

Ciambelli-Leigh-Pai ’21]

• Explicit diffeomorphisms, synthesis of other gauge relaxation proposals
[Grumiller-Riegler ’16, Ciambelli-Marteau-Petropoulos-Ruzziconi ’20, Geiller-Goeller-Zwikel ’21]

• Extension to higher dimensions [Ciambelli-Leigh ’19, Petkou-Petropoulos-Betancour-Siampos

’22, Campoleoni-AD-Pekar-Petropoulos-Betancour-Vilatte ’23]
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IV. Summary

Lewis Carroll, Hermann Weyl, Charles Fefferman and Robin Graham. Created with the assistance of DALL·E 2.

Thank you for listening!
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Three-dimensional aspects

• Isometry algebra of AdS3 = so(2, 2)

[Ma,Mb] = ϵabcM
c , [Ma,Pb] = ϵabcP

c , [Pa,Pb] =
(G
ℓ

)2
ϵabcM

c

• Dreibein or first order formalism (ds2 = gµνdx
µdxν)

gµν = eµ
aηabeν

b , dea + ϵabc ωb ∧ ec = 0

• Einstein gravitation → Chern-Simons gauge theory (A = 1
G eaPa + ωaMa)

[Achucarro-Townsend ’86, Witten ’88]

SEH = 1
16π

∫
M

Tr
(
A ∧ dA + 2

3 A ∧ A ∧ A
)

• No local degrees of freedom → no gravitational radiation

Global properties → asymptotic surface charges [M. Banados (1996)]
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Covariant phase space formalism: Chern-Simons

Chern-Simons theory, gauge theory with a simple Lie group G

• CS action

S =

∫
M

L , L = tr
(
A ∧ dA+ 2

3 A ∧ A ∧ A
)

g-valued differential one-form

A = Aµ
adxµJa

• Arbitrary field variation (A → A+ δA) : δL = (eom)δA+ dΘ

eom = dA+ A ∧ A ≈ 0 , Θ = −tr (A ∧ δA)

Gauge symmetry
δλA = IVλ

δA = dλ+ [A, λ]

• Conserved codimension-2 charge

Ω =

∫
∂M

δΘ , IVλ
Ω = −δHλ , Hλ ≈ −2

∫
∂2M

tr (λ δA)
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Geometry of the Weyl-Fefferman-Graham gauge 1/3

WFG gauge is preserved under radial diffeos inducing bdy Weyl transfos

ρ → ρ′ =
ρ

B(x)
, x i → x ′

i
= x i ,

so that the radial expansion transforms Weyl-covariantly

ki (ρ, x) → k ′
i (ρ

′, x ′) = ki (B(x)ρ′, x)− ∂i lnB(x) ,

hij(ρ, x) → h′ij(ρ
′, x) = hij(B(x)ρ′, x) ,

i.e.

k
(2n)
i (x) → k

(2n)
i (x)B(x)2n − δn,0 ∂i lnB(x) , h

(2n)
ij (x) → h

(2n)
ij (x)B(x)2n−2

The leading term in ki transforms inhomogeneously, i.e., as a Weyl connection

k
(0)
i → k

(0)
i − ∂i lnB .
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Geometry of the Weyl-Fefferman-Graham gauge 2/3

Choice of dual form and vector basis for the WFG metric:

Eρ =
dρ

ρ
− ki (ρ, x)dx

i , E i = dx i ,

Eρ = ρ∂ρ ≡ Dρ , Ei = ∂i + ρki (ρ, x)∂ρ ≡ Di .

The Lie brackets of the vectors are given by

[Dρ,Di ] = Dρki Dρ , [Di ,Dj ] = fij Dρ ,

where fij ≡ Dikj − Djki is the curvature associated to ki .

Coefficients of the bulk Levi-Civita connection ∇ in the frame {Dρ,Di}:

∇DiDj = ΓkijDk + ΓρijDρ .
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Geometry of the Weyl-Fefferman-Graham gauge 3/3

Taking into account the WFG radial expansions, one obtains at leading order

(Γ(0))kij =
1

2
hkl(0)

(
(∂i − 2k

(0)
i )h

(0)
jl + (∂j − 2k

(0)
j )h

(0)
il − (∂l − 2k

(0)
l )h

(0)
ij

)
,

↪→ coefficients of a torsion-free connection with Weyl metricity [G. B. Folland ’70]

The induced connection ∇(0) acts as

∇(0)
i h

(0)
jk = 2k

(0)
i h

(0)
jk .

For a generic Weyl-weight ωT tensor T of arbitrary type, one can construct the
Weyl covariant connection as

∇̂(0)
i T ≡ ∇(0)

i T + ωTk
(0)
i T .

So the connection ∇̂(0) is metric and ∇̂(0)
i T is Weyl covariant.

All geometric quantities built with this connection are Weyl covariant.
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WFG Holographic renormalization

Starting from the WFG solution space, the renormalized action is

Sren =
1

16πG

∫
d3x (R + 2) +

1

8πG

∫
d2x

√
−γ (K − 1)

+
1

16πG

∫
d2x

√
−γ ki γ

ij kj +
ρ2 log ρ

16πG

∫
d2x

√
−γ R̂(0) ,

where nµ = −
√
−γδρµ, γµν = gµν − nµnν and K = gµν∇µnν .

The renormalized presymplectic potential is

Θren = −
√
−h(0)

(
1

2
T ijδh

(0)
ij − J iδk

(0)
i

)
where

T ij = − 2√
−h(0)

δSren

δh
(0)
ij

≈ 1

8πG

(
hij(2) +

1

2
hij(0)R

(0) + ∇̂(i
(0)k

j)
(0)

)
,

J i =
1√
−h(0)

δSren

δk
(0)
i

≈ 1

8πG
k i
(0) .
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WFG Holographic Ward identities

Evaluating the variation of the on-shell action under the action of boundary diffeo-
morphisms, one can obtain

∇(0)
i T i

j = J i f
(0)
ij +∇(0)

i J i k
(0)
j ,

where f
(0)
ij = ∇(0)

i k
(0)
j −∇(0)

j k
(0)
i .

The variation of the action under boundary Weyl transformations yields

T i
i + ∇̂(0)

i J i =
c

24π
R̂(0) ,

which unveils the presence of a holographic Weyl anomaly [Henningson-Skenderis ’98].
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WFG boundary term

One can always add a finite boundary counterterm to the action as

S̄ren = Sren + S◦, S◦ =

∫
d2x L◦[h

(0)
ij , k

(0)
i ]

where L◦[h
(0)
ij , k

(0)
i ] is a boundary Lagrangian involving the boundary geometry

L◦ = lim
ρ→0

[
1

16πG
kiγ

ij∂j
√
−γ

]
=

1

16πG
k
(0)
i hij(0)∂j

√
−h(0) .

The renormalized presymplectic potential reads

Θ̄ren = −
√
−h(0)

(
1

2
T̄ ijδh

(0)
ij − J̄ iδk

(0)
i

)
,

where

T̄ ij = T ij + J(i∂j)
√
−h(0) +

1

2
hij∇kJ

k , J̄ i = J i +
1

16πG
∂ i log

√
−h(0) .
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WFG corner term

One can add a finite corner term to the renormalized action:

S̃ren = Sren + SC , SC =

∫
d2x ∂iL

i
C [h

(0)
ij , k

(0)
i ]

where LiC [h
(0)
ij , k

(0)
i ] is a corner Lagrangian involving the boundary geometry

LiC = lim
ρ→0

[
− 1

16πG
√
−γγ ijkj

]
= − 1

16πG
√
−h(0)hij(0)k

(0)
j .

Then the renormalized symplectic term is

Θ̃ren =
√
−h(0)

(
−1

2
T̃ ijδh

(0)
ij + J iδK

(0)
i

)
,

where

T̃ ij = T ij +
1

2
hij(0)∇̂

(0)
k Jk , K

(0)
i = k

(0)
i − 1

2
∂i ln

√
−h(0) .
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Link with the Bondi gauge

In the Bondi gauge the metric is given by

ds2 =
V

r
e2β du2 − 2 e2β du dr + r2 e2φ (dϕ− U du)2

In the fluid/gravity derivative expansion (DE)

ds2 = 2ℓ2uµdx
µ (dr + rAνdx

ν)+r2gµνdx
µdxν+8πGℓ4uµdxµ (ϵuνdxν + χ ∗ uνdxν)

Bondi gauge as a sub-gauge of the DE: uϕ = 0

→ constraint for definite gauge fixing

↪→ identification between the DE and Bondi solution spaces [Ciambelli-Marteau-Petropoulos-

Ruzziconi ’20]
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Covariant Bondi gauge in AdS: residual symmetries

• Asymptotic Killing vectors: [Ciambelli-Marteau-Petropoulos-Ruzziconi ’20]

v =

(
ξµ − 1

k2r
η ∗uµ

)
∂µ +

(
r σ +

1

k2
(∗uν ∂νη +Θ∗η) +

4πG
k2r

χη

)
∂r

↪→ bdy diffeomorphisms ξµ(x), Weyl rescalings σ(x) and Lorentz boosts η(x)

δ(ξ,σ,η)u = Lξu+ σ u+ η ∗u , δ(ξ,σ,η)∗u = Lξ ∗u+ σ ∗u+ η u

where
δ(ξ,σ,η)gµν = Lξgµν + 2σ gµν

and (
u′

∗u′
)

=

(
cosh η sinh η
sinh η cosh η

)(
u
∗u

)

• Question: What are the asymptotic symmetries?
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Covariant Bondi gauge in AdS: symplectic structure

• Einstein–Hilbert presymplectic potential: [Iyer-Wald ’94]

ΘEH[G ; δG ] =

√
−G

32πG
[
∇NδGPN GPM −∇MδGPN GPN

]
ϵMQS dx

Q ∧ dxS

Radial divergences: need for renormalization

Θ
(r)
EH[G ; δG ] = r2 Θ(2) + r Θ(1) +Θ(0) +O

(
r−1
)

Ambiguous definition:

ΘEH[G ; δG ] → ΘEH[G ; δG ] + δZ [G ]− dY [G ; δG ]

• Choices of prescription:

i. same results as obtained in FFG [de Haro-Solodukhin-Skenderis (2000)]

ii. presymplectic potential that remains finite in the flat-space limit
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Covariant Bondi gauge in AdS: surface charges

• Conformal gauge: conformally flat bdy metric (x± = ϕ± k u)

ds2 = e2φ dx+dx−

Parametrization of the Cartan frame: (φ = φ(x+, x−), ζ = ζ(x+, x−))

u = −k

2
eφ
(
eζ dx+ − e−ζ dx−

)
, ∗u =

k

2
eφ
(
eζ dx+ + e−ζ dx−

)

• Charges associated with the Weyl–Lorentz symmetries: (δvφ = ϖ, δvζ = h)

Q(ϖ,h) =
1

4πGk

∫ 2π

0

dϕ
(
h (∂− − ∂+) ζ

)
↪→ integrable and non-conserved: Lorentz is anomalous, Weyl is pure gauge
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Covariant Bondi gauge in AdS: anomalies

• Anomaly in the Lorentz symmetry in the dual theory (Fµν = ∂µAν − ∂νAµ)

δ(ξ,σ,η)SL =

∫ (
η

F

8πG

)
Vol∂M

↪→ flat limit: yes

• If we choose the first prescription → anomaly in the Weyl symmetry in the
dual theory [Alessio-Barnich-Ciambelli-Mao-Ruzziconi ’20]

δ(ξ,σ,η)SW =

∫ (
σ

R

8πG

)
Vol∂M

↪→ flat limit: no

• Displacement of the anomaly: two different representatives in the same
cohomology class → BRST formulation [Ciambelli-Leigh-Jia (to appear)]
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Recall of relevant aspects of the Fefferman–Graham gauge

Variation of the on-shell action: [de Haro-Solodukhin-Skenderis (2000)]

δS =
1

2

∫
∂

Dx
√
−g Tµνδgµν

The bulk metric induces a conformal class of metrics on the boundary: the boundary
metric should be understood as a representative. Moving from one representative
to another is not innocuous: [Alessio-Barnich-Ciambelli-Mao-Ruzziconi (2020)].

Evaluation of the on-shell action on a bulk diffeomorphism:

δ(ξ,σ)S ∼ c

∫
∂

2x
√
−g σ R .

A Cartan frame could be introduced in the FFG gauge:

gµν = ℓ2 (−uµuν + ∗uµ ∗uν) .

However, the variation of the action would remain sensitive to the energy–momentum
tensor and to the metric variation, but not separately to δu and δ∗u.
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Boundary energy–momentum tensor

Brown–York energy–momentum tensor: [Campoleoni-Ciambelli-Marteau-Petropoulos-Siampos ’19]

Tµν =
1

2k

(
T̃µν + T̂µν

)
,

where

T̃ =
ε

k2
(u2 + ∗u2) + χ

k2
(u ∗u + ∗u u) + R

8πGk2
∗u2 ,

T̂ =
1

8πGk4

(
uµ∂µΘ+ ∗uµ∂µΘ∗ − k2

2
R
)
(u2 + ∗u2)− 1

4πGk4
∗uµ∂µΘ(u ∗u + ∗u u)

such that

∇µT
µν = 0 , Tµ

µ =
R

16πGk
.

These equations can be spelled in terms of ε, χ, and the Cartan frame as

uµ (∂µ + 2Aµ) ε = − ∗uµ (∂µ + 2Aµ)

(
χ− F

4πG

)
,

uµ (∂µ + 2Aµ) χ = − ∗uµ (∂µ + 2Aµ) ε .
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Anomalous holographic Ward identities – AdS

Variation of the on-shell action:

δS =

∫
∂M

d2x
√
−g (Jµ δuµ + Jµ∗ δ∗uµ) ,

where the couple of currents

Jµ = − 1

k2
Tµνuν +

1

16πGk5
uµ(Θ2 −Θ∗2)− 1

8πGk3
Eµν∂νΘ

∗ ,

Jµ∗ =
1

k2
Tµν ∗uν − 1

16πGk5
∗uµ(Θ2 −Θ∗2) +

1

8πGk3
Eµν∂νΘ .

↪→ Role analogous to the energy–momentum tensor in the FFG gauge

T µ
ν = Jµuν + Jµ∗ ∗uν .

↪→ Holographic Ward identities: [Bertlmann ’96]

∇µT µν = − 1

8πGk
FµνAµ , T µ

µ = 0 , T[µν] =
1

16πGk
Fµν .
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Holographic renormalization 1/4

The conformal boundary being at r → ∞, we focus on the r -component of the
Einstein–Hilbert presymplectic potential in this limit:

Θ
(r)
EH[G ; δG ] = r2 Θ(2) + r Θ(1) +Θ(0) +O

(
r−1
)
,

where, in terms of boundary data, we have

Θ(2) = − k

8πG

(
δ ln

√
−g
)
Vol∂M ,

Θ(1) =
1

16πGk

[
−2

δ(Θ
√
−g)√

−g
−∇µδu

µ

]
Vol∂M ,

Θ(0) =

(
1

2
Tµνδgµν +

1

2k
√
−g

δ(
√
−g ε) +

1

16πGk3
√
−g

δ
[√

−g
(
Θ2 −Θ∗2)]

− 1

16πGk
√
−g

δ(
√
−gR) +

1

8πGk3
∇µ(δΘ uµ)

− 1

16πGk3
∇µ [δ(Θ

∗ ∗uµ)]
)
Vol∂M .̇
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Holographic renormalization 2/4

This potential diverges, but both divergent terms are pure-ambiguity:

Θren[G ; δG ] = Θ
(r)
EH[G ; δG ] + δZ [G ]− Y [G ; δG ] ,

where Z and Y have their own large-r expansions

Z [G ] = r2 Z(2) + r Z(1) + Z(0) , Y [G ; δG ] = r Y(1) + Y(0) ,

whose divergent pieces are

Z(2) =
k

8πG
Vol∂M , Z(1) =

1

8πGk
ΘVol∂M , Y(1) =

1

16πGk
µαδu

αxµ .

At this stage, a choice is expected for the zeroth order of the ambiguities.

The two choices that we propose are

Y(0) = − Eµα
8πGk3

(
uαδΘ− δ(∗uαΘ∗)

2

)
dxµ,Z(0) =

(
− ε

2k
− Θ2 −Θ∗2 + k2R

16πGk3

)
Vol∂M ,

Y(0) =
Eµα

16πGk3
(δ ∗uα Θ∗ − ∗uα δΘ∗) dxµ, Z(0) = − ε

2k
Vol∂M .
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Holographic renormalization 3/4

Weyl. This renormalized presymplectic potential matches that obtained in the FFG
gauge [de Haro-Solodukhin-Skenderis (2000)]

ΘW
ren[G ; δG ]

∣∣
∂M =

1

2
TµνδgµνVol∂M =

1

k2
Tµν

(
− uµ δuν + ∗uµ δ ∗uν

)
Vol∂M .

It vanishes also for milder boundary conditions, since it is proportional to the varia-
tion of the boundary metric, meaning that one has to fix the Cartan frame only up
to Lorentz transformations.
Lorentz. The prescription leads to the renormalized presymplectic potential

ΘL
ren[G ; δG ]

∣∣
∂M =

(
Jµ δuµ + Jµ∗ δ ∗uµ

)
Vol∂M ,

where we have introduced the currents

Jµ = − 1

k2
Tµνuν +

1

16πGk5
uµ(Θ2 −Θ∗2)− 1

8πGk3
Eµν∂νΘ

∗ ,

Jµ∗ =
1

k2
Tµν ∗uν − 1

16πGk5
∗uµ(Θ2 −Θ∗2) +

1

8πGk3
Eµν∂νΘ .

A milder condition can be imposed to get stationarity of the action: this time it is
the conformal class of the Cartan frame that needs to be fixed.
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Holographic renormalization 4/4

AdS. Renormalized presymplectic 2-form of the second prescription:

ωL
ren

∣∣
∂M =

1√
−g

(
δ(
√
−g Jµ) ∧ δuµ + δ(

√
−g Jµ∗ ) ∧ δ∗uµ

)
Vol∂M

= ωW
ren

∣∣
∂
+

1

8πGk3
∇µ

[
δ(
√
−g uµ)√
−g

∧ δΘ− δ(
√
−g ∗uµ)√
−g

∧ δΘ∗
]
Vol∂M ,

where

ωW
ren

∣∣
∂M =

1

2
√
−g

δ
(√

−g Tµν
)
∧ δgµνVol∂M .

It is this corner term that renders the presymplectic form finite in the k → 0 limit.

Flat. Flat limit of the renormalized presymplectic current:

ωC
ren|∂M = lim

k→0
ωL
ren|∂M = D−1

(
δ(D jµ) ∧ δµ∗

µ + δ(D jµ∗ ) ∧ δµµ

)
vol∂M ,

where the density is

D = |εµνµµµ
⋆
ν | = lim

k→0

√
−g

k
.
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Anomalous holographic Ward identities – flat

Flat limit of the renormalized presymplectic potential:

ΘC
ren[G ; δG ]|∂M = lim

k→0
ΘL

ren[G ; δG ]|∂M =
(
jµ δµµ + jµ∗ δµ∗

µ

)
vol∂M ,

where the couple of currents

j = lim
k→0

k3J =
1

2
ϵ υ +

1

8πG
υ∗ F ,

j∗ = lim
k→0

k2J∗ =
1

2
ϵ υ∗ +

1

2
αυ .

↪→ Carrollian energy–momentum tensor:

tµν = lim
k→0

kT µ
ν = jµ µν + jµ∗ µ∗

ν .

↪→ Holographic Ward identities: (Dµt
µ
ν = limk→0 ∇µT µ

ν)

Dµt
µ
ν = − 1

8πG
Fµν Aµ , tµµ = 0 , tµνµ

∗
µ υ

ν = − F
8πG

.
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Chern–Simons formulation

The isometry algebra of AdS3, i.e. the algebra so(2, 2), reads:

[MB ,MC ] = ϵBCDM
D , [MB ,PC ] = ϵBCDP

D , [PB ,PC ] = (k G )2 ϵBCDM
D ,

We introduce a differential one-form, valued in this algebra:

A =
1

G

(
EN

BPB + ωN
BMB

)
dxN .

Up to bdy terms, one can rewrite the three-dimensional Einstein–Hilbert action:

SEH =
1

16π

∫
Tr

(
A ∧ dA +

2

3
A ∧ A ∧ A

)
,

Tr (MBMC ) = Tr (PBPC ) = 0 , Tr (MBPC ) = ηBC .

For k ̸= 0 one can take advantage of so(2, 2) ∼= sl(2,R)⊕ sl(2,R):

SEH = SCS
[
A
]
− SCS

[
Ã
]
,

SCS[A] =
1

16πGk

∫
Tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
.
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Chern–Simons formulation: AdS charges 1/2

We choose the sl(2,R) basis

[Jm, Jn] = (m − n) Jm+n , m, n ∈ {−1, 0, 1} ,

and implement the radial dependence of the connection A as a gauge transformation:

A(x+, x−, r) = b−1(r) aµ(x
+, x−) b(r) dxµ + b−1(r)∂r b(r) dr ,

with b(r) suitable SL(2,R) group element

b(r) = exp (r k J−1) .

Then we have for the first gauge copy

a+ = eφ+ζ J1 − e−(φ+ζ)
(
ℓ+ − (∂+ζ)

2 + ∂2
+ζ
)
J−1 + ∂+(φ− ζ) J0 ,

a− = −e−(φ+ζ) ∂+∂−ζ J−1 + ∂−(φ+ ζ) J0 .

The parameters of the gauge transformations, dA = dΛ + [A,Λ], are

Λ(x+, x−, r) = b−1(r)

(
+1∑

m=−1

ϵm(x+, x−) Jm

)
b(r) .
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Chern–Simons formulation: AdS charges 2/2

The associated surface charges are obtained by integrating, if possible, the following
variations calculated at fixed value of the coordinate u:

δQ[Λ] = − 1

8πGk

∫ 2π

0

dϕTr [Λ δAϕ] = − 1

8πGk

∫ 2π

0

dϕTr
[
b Λ b−1 (δa+ + δa−)

]
,

↪→ the radial coordinate is gauge out ⇒ no radial divergences

The total surface charges are then

Qtot[Λ, Λ̃] = Q[Λ]− Q̃[Λ̃] = − 1

8πGk

∫ 2π

0

dϕ
[
ℓ+ Y+ − ℓ− Y− + 2 ζ

(
∂+ − ∂−

)
h
]
,

which are identical to those obtained in the metric formulation.
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Chern–Simons formulation: flat charges

We choose the iso(1, 2) basis (m, n ∈ {−1, 0, 1})
[Mm,Mn] = (m − n)Mm+n , [Mm,Pn] = (m − n)Pm+n , [Pm,Pn] = 0 ,

and we obtain the following CS connection:

aϕ =
e−φ

√
2

(
4πG ε0 −

1

2
(∂uβ)

2 + ∂u∂ϕβ
)
M1 −

(
∂ϕφ− ∂uβ

)
M0 −

eφ√
2
M−1

+
eφ β√

2
P−1 +

e−φ

√
2

(
4πG (α0 − u ∂ϕε0)− ∂2

ϕβ + ∂uβ ∂ϕβ

+
β

2

(
8πG ε0 − (∂uβ)

2 + 2 ∂u∂ϕβ
))

P1 ,

au =
e−φ

√
2

[
∂2
uβM1 −

(
4πG ε0 −

1

2
(∂uβ)

2 + ∂u∂ϕβ − β ∂2
uβ
)
P1

]
− ∂uφM0 +

eφ√
2
P−1 .

The total surface charges are then

δQtot[Λ] =

∫ 2π

0

dϕ

[
1

2
(H δε0 − Y δα0) +

1

4πG
∂u h̃ δβ

]
.
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Chern–Simons formulation: boundary term

AdS. One can choose a different boundary term such that

Stot
[
A, Ã

]
= SEH +

1

16πGk

∫
d2x Tr

(
Au Aϕ − Ãu Ãϕ

)
,

and its on-shell variation gives

δStot
[
A, Ã

]
=

1

2πGk

∫
δζ e−2φ ∂+∂−ζ Vol∂M .

It corresponds to the “Lorentz” presymplectic potential in conformal gauge.

Flat. In the flat limit, the bdy term to be added is

Sbdy[A ] =
1

8πG

∫
d2x Tr

(
Aϕ Au

)
and the on-shell variation of the total action is

δStot[A ] = δSEH[A ] + δSbdy[A ] = − 1

8πG

∫
δβ e−2φ ∂2

uβ vol∂M .

It corresponds to the “Carroll-boost” presymplectic potential in conformal gauge.
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Asymptotic symmetry algebra

The charges generate global symmetries when acting on a generic functional F of
the phase space as δ(Λ,Λ̃)F = {Qtot[Λ, Λ̃],F}.

AdS. The non-vanishing brackets are (c = 3
2kG )

i
{
L±p , L

±
q

}
= (p − q) L±p+q +

c

12
p3 δp+q,0 ,

i {Zpq,Zrs} = −c

3
(r − q) e2ik(q+s)u δp+r ,q+s .

Flat. The non-vanishing brackets are (cM = 3
G )

i {Yp,Yq} = (p − q)Yp+q ,

i {Yp,Tq} = (p − q)Tp+q +
cM
12

p3 δp+q,0 ,

i {Bpq,Brs} = −cM
6

(r − q) e2i(q+s)u δp+r ,q+s .
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