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I. Plan and Motivations

e Study of the classical phase space of 3D asymptotically AdS gravity

Select the allowed metric fluctuations at infinity [Brown-Henneaux '86]

e No requirement to fix any particular gauge but it is often convenient

For example: Fefferman-Graham, Bondi gauge [Starobinsky '83, Fefferman-Graham '85]
[Bondi-van der Burg-Metzner '62, Sachs '62]

e In this talk: Weyl-Fefferman-Graham gauge [Ciambelli-Leigh '19, Jia-Karydas '21]

Interesting implications for holography

Link with the covariant Bondi gauge, allow for a smooth flat-space limit
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lI. Fefferman-Graham gauge in 3D

e Useful gauge fixing for holography: [Fefferman-Graham '85]

Any asymptotically AdS3 space can be written near the boundary as (£ = 1)
2 ngyr — 902 iy
dspas = guodxdx” = F + hij(p, x)dx'dx

p is a spacelike coordinate s.t. p = 0 locates the bdy
x' are bdy coords: x! = t is timelike and x? = @ is spacelike

e Boundary geometry — leading order in the asymptotic expansion
1 o
hi(px) = 557 (x) + O(1)
e FG expansion does not transform Weyl-covariantly under [Henningson-Skenderis '98]

pod =g XX = )
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lI. Weyl-Fefferman-Graham gauge in 3D

e Solution: relax the FG ansatz to the WFG gauge [Ciambelli-Leigh '19]

N 2 .
d5%4s = (2 = kilp, x)dx') " + ylp, X)dxidxi,  ki(p,x) = K% (x) + O(?)

— h,(-jo)(x) is the bdy metric and k,.(o)(x) is a bdy Weyl connection

e Question: Is the Weyl structure associated with an asymptotic symmetry?

e Einstein gravitation — Chern-Simons gauge theory (Lc; = Les[A] — Les[A])
[Achucarro-Townsend '86, Witten '88]

Les[Al = oo Tr(AAdA+ 2ANANA)
Isometry algebra of AdS3 = s0(2,2) = 5l(2,R) @ sl(2,R)

(Lo L] = (0= M) Lo
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II. WFG gauge in 3D: asymptotic symmetries

e Boundary conformally-flat parametrization: (x* = ¢+ 0)
WP dx dx! = 260X Ddxtdx
e Solution space — Chern-Simons connections:
Ay =—1Lo+0(p?),
Ar =1L+ (2K —0,9)Lo — pe *hZ L1 + O(p?),
_=0_¢Lo+pe 0 (K — d.0)L_1 + O(p%),

where ') = 0, (x*) = (K9 — 0, ¢)2 — 0, (kK — 8, ¢)
e Surface charges: (5.6 =0, 6,k = h?)
1 27\'

="

46600 — 1) = o(9e6 — K]

The Weyl connection is associated with an asymptotic symmetry!
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II. WFG gauge in 3D: asymptotic symmetries

e Boundary conformally-flat parametrization: (x* =+ +0)
hgp)dxidxj = 20T ) dxtdx

e Solution space — Chern-Simons connections:

Ap = _lLO +0(p%),
Ar =1L+ (2K —0,9)L0 — pe hZ L1 + O(p?),
Al =0_¢Lo+pe?0_ (KO —0,.0)L_y + O,

where hf_),_ =l (xT) — (ksro) — 010)* — 8+(k5_0) —019)
e Surface charges: (6,6 = o, 0,k = 1)
L[ ©) ©
0=-55 de[qs(ata — hOY — (B — K )]

The Weyl connection is associated with an asymptotic symmetry!
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II. WFG gauge in 3D: asymptotic symmetries

e Boundary conformally-flat parametrization: (x* = ¢+ 0)
h,gp)dx"dxj = 20" dxtdx

e Solution space — Chern-Simons connections:

Ap = _%LO +M7
Ap =11y + 2K — 0,0) Lo — pe *hELL 1+ Of?),
A =0_¢Lo+pe 0 (K —0,0)L 1+ 0%,

where hZ) = £, (x*) = (K = 0,6)2 — 0. (K - 0,.¢)

e Surface charges: (5,6 = o, 6,k = h?)
1 27

0= "8 ),

do [qﬁ(@ta —hOY — (D — k§°>)]

The Weyl connection is associated with an asymptotic symmetry!
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II. WFG gauge in 3D: asymptotic symmetries

e Boundary conformally-flat parametrization: (x* = ¢+ 0)
WO dx/dx) = e200" X dxtdx~
ij

e Solution space — Chern-Simons connections:

A=b"t(d+a)b,  b(p)=exp(—logpLo),
a, =L+ 2K — 0, 9)o—e hPLL 4,
a =0 ¢lo+e 0 (K —a,¢)L ,,

where ') = 0, (x*) — (K9 — a,¢)2 — 0, (K — 8, ¢)
e Surface charges: (6.6 = o, 6,k = 1)
1 © ©
0=-5¢ de[qs(ato— — hOY — (B, — K )]

The Weyl connection is associated with an asymptotic symmetry!
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lI. WFG gauge in 3D: passage to Covariant Bondi

Solution space — Chern-Simons connections: (A = b='(d + a)b)
o WFG (b(p) = exp(— log  Lo))

ap = el + 2k - a+¢) —ehP L,
_=0-¢Llo+e 0 (K~ 0.0)L
W = 06 = (K = 010) — 0, (K — 9.0)
e Covariant Bondi (b(r) = exp(r L_1))
ay =" L+ 0, (p— Ol —e ORI L
=0 (p+Lo—e 99,0 ¢ Ly,
++ =0 (x7) = (040 + 93¢
e Passage from WFG to CB

KO) = dip(x),  (x) = o(x) +((x)
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II1. Covariant Bondi gauge in AdS

e Key idea 1: relax the AdS Bondi gauge — dependence on the boundary dyad

2 831G
dsﬁdszﬁu(dr+rA)+r2ds§dy—|—%u(eu+x*u) J

e Boundary metric and Cartan frame: (u= —fe?(etdx™ — e “dx 7))
dspay = 72 (—uiuj + *upxu;) dx’dx/ = e dx T dx
Weyl connection: [Loganayagam '08]

A=k (0"xu—0u), =V, OF = Vixu'

e Energy-momentum tensor: [Brown-York '93]

. . R
= N H U: ’-:—
T=T(ex) : viT 0, T 16-Ck
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lIl. CB gauge in AdS: asymptotic symmetries

e Residual symmetries: [Ciambelli-Marteau-Petropoulos-Ruzziconi '20]

v= (€= Fn) O+ (ro+ & (w0 O+ ©7n) + %€ x7) O,

where (dsb2dy = gjjdx'dx’)
O(e.0m)8i = Le&ij +20 g

u'\ _ [coshn sinhny u
xu’ )~ \sinhn coshn ) \*u
e Charges associated with the Weyl-Lorentz symmetries: (5,4 =5, 6,¢ = 7)

1 27\'
Q=4 /0 40 [¢ 01— 19|

Anomaly in the Lorentz symmetry in the dual theory (F;, = 9,4, — 9,4)

(5(5’0’,7)514:/( n) VO|3M

and
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lI1. Flat limit and boundary Carroll frames

e Key idea 2: null gauges in AdS admit a proper flat limit
< in the flat limit: timelike AdS bdy — null manifold

— bdy metric — degenerate = Carrollian geometry

e Bulk metric: [Campoleoni-Ciambelli-Marteau-Petropoulos-Siampos '19]

dsfiae = Ai_“jodsids =2p(dr+rA) +r’ (W) +8rG p(ep+ ap®) J

— small-k behavior for the line element quantities:

i u « i *U i i *Uu
= lim — = lim — v=limu Uy = lim —
H k—0 k2 ’ H k—0 k ’ k—0 ’ * k—0 ’
~im X L o .
a=Ilm=, e=lime, A=IlmA=p"0"—pnud

k—0 k k—0 k—0
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I1l. Flat limit: asymptotic symmetries

e Residual symmetries: [Ciambelli-Marteau-Petropoulos-Ruzziconi '20]
v= (& =1 0) 0+ (ro+ VoA + 0N+ € o)) 9,
< bdy diffeomorphisms &/(x), Weyl rescalings o(x) and Carroll boosts \(x)

n(x)

) = i %
e Conformal gauge: parametrization of the Carrollian dyad (5 = limi . $)
uw=—e?(du+5df), p*=-e?dd
Charges associated with the Weyl-boost symmetries: (5,4 =5, 6,8 = A)
1 [ P
Q= %/0 40 [30,4 — 10,5)

Anomalies: (F; = 9,.4; — 9;A))

de,on)Sc = / </\ 87]r:G) volg g
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V. Summary

Main goal:

e Explore the charges of 3D gravity in Weyl-Fefferman—Graham and covariant
Bondi gauges

Results:

e Residual symmetries, surface charges and anomalies
e FG fixing can constrain the physical solution space

e New holographic Carrollian prediction

Future possibilities:
e Relate to asymptotic corner group [Donnelly-Freidel '16, Freidel-Geiller-Pranzetti '20,
Ciambelli-Leigh-Pai '21]
e Explicit diffeomorphisms, synthesis of other gauge relaxation proposals

[Grumiller—RiegIer '16, Ciambelli-Marteau-Petropoulos-Ruzziconi '20, Geiller-Goeller-Zwikel ’21]

e Extension to hlgher dimensions [Ciambelli-Leigh '19, Petkou-Petropoulos-Betancour-Siampos
'22, Campoleoni-AD-Pekar-Petropoulos-Betancour-Vilatte '23]
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V. Summary

Arvnovsat TEORE IF AR QARSI

Lewis Carroll, Hermann Weyl, Charles Fefferman and Robin Graham. Created with the assistance of DALL-E 2.

Thank you for listening!
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Three-dimensional aspects

e Isometry algebra of AdS3; = s0(2,2)
2
[Maa Mb] - 6srbc/\/lca [Maa Pb] = EabcPC7 [Paa 'Db] - (%) EabcMC
e Dreibein or first order formalism (ds* = g, dx"dx")
8w = euanabel,b, de? + e wpNe. =0

e Einstein gravitation — Chern-Simons gauge theory (o = Le'p, + w'M,)
[Achucarro-Townsend '86, Witten '88]

SEH = 1ox /Tr(sz%/\dﬂ%+ A Nd NA)

e No local degrees of freedom — no gravitational radiation

Global properties — asymptotic surface charges [M. Banados (1996)]
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Covariant phase space formalism: Chern-Simons

Chern-Simons theory, gauge theory with a simple Lie group G
e CS action

S:/ML, L=tr(ANdA+3ANANAA)
g-valued differential one-form
A=A, dx"J,
e Arbitrary field variation (A — A+ JA) : JL = (eom)dA + d©
eom=dA+AANA=O, © = —tr(AAJA)

Gauge symmetry
WA=y, 6A=dr+[A ]

e Conserved codimension-2 charge

Q= [ 60, I,Q=—6H,, H,\z—2/ tr (AJA)
oM o2M
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Geometry of the Weyl-Fefferman-Graham gauge 1/3

WFG gauge is preserved under radial diffeos inducing bdy Weyl transfos

p%p'z%, x> X=X
x

so that the radial expansion transforms Weyl-covariantly

ki(p,x) = K'i(p',x") = ki(B(x)p', x) — 0iInB(x)
hij(p, x) = W 5(p', x) = hi(B(x)p', x),

i.e.
K2V () = kP () B — 0a0 0InB(x), P (x) > hP™ (x) B(x)2 2
The leading term in k; transforms inhomogeneously, i.e., as a Weyl connection

K 5 kO _ 9inB .
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Geometry of the Weyl-Fefferman-Graham gauge 2/3

Choice of dual form and vector basis for the WFG metric:
Er = %p — ki(p, x)dx", E' =dx',
E,=pd,=D,, Ei = 0; + pki(p, x)0, = D; .
The Lie brackets of the vectors are given by
[Dp: Dil = Dyki Dy, [Di, Dj] = £ Dy
where f; = D;k; — D;jk; is the curvature associated to k;.
Coefficients of the bulk Levi-Civita connection V in the frame {D,, D;}:

Vp,Dj =T§5Dk +T4D, .
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Geometry of the Weyl-Fefferman-Graham gauge 3/3

Taking into account the WFG radial expansions, one obtains at leading order

1
(O = 2ty (0 = 2k)A + (9 — 26 = (0 = 2 )

1.

— coefficients of a torsion-free connection with Weyl metricity [G. B. Folland '70]

I'he induced connection V ©) acts as
0),(0 0),(0

For a generic Weyl-weight wr tensor T of arbitrary type, one can construct the
Weyl covariant connection as
VOT=vOT +wrkOT.

(

So the connection V(©) is metric and @’_0)7- is Weyl covariant.

All geometric quantities built with this connection are Weyl covariant.
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WEFG Holographic renormalization

Starting from the WFG solution space, the renormalized action is
ren = dx (R +2 d*xv/—7 (K
Sre 167G / +2)+ o— - g X

2
/d2X\/_k i g+ L Ing/dzx\/_—v RO

16 167G 167G

where n, = —\/—'y(SZ, Yuv = 8uv — Nuhy and K = gtV n,.
The renormalized presymplectic potential is

Oren = —V —h(0 (%T’jéh’(}p) _ Ji5ki(0))
where
" \/T fsi“’ ~ sig (h@) + 50 R" 8»’%3»)
Ji 1 55,e,, 1,

_ RO 5k,.(°) 8rg ©
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WEFG Holographic Ward identities

Evaluating the variation of the on-shell action under the action of boundary diffeo-
morphisms, one can obtain

) i, _ i £(0) (0) 4i 1(0)
Vi =017+ Vi kG,
where £ = V@40 _ g0, ©
ij i it
The variation of the action under boundary Weyl transformations yields
i o0 i € po
T+ Vitd 241 R

which unveils the presence of a holographic Weyl anomaly [Henningson-Skenderis '98].
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WEFG boundary term

One can always add a finite boundary counterterm to the action as

sren - Sren + 507 So = /dZXL [h k(o)]

o7

where Lo[hf-jo), k,-(o)] is a boundary Lagrangian involving the boundary geometry

Lo = lim {le ) } O)h“ NNVETON

16

The renormalized presymplectic potential reads

= 1-. _

eren = -V _h(O) <§ TU(ShElO) — J’(Sk,(O)) )
where

TV =TI 4 JUgh\/—p0) 4 %hUVkJ", J=J+ ﬁa’ log v/ —h(©) .
T
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WFG corner term

One can add a finite corner term to the renormalized action:

Swen=Swen+Sc,  Sc= / d?x 9L [h9, kO

Iy )

where L’C[hfj0 ,k,( )] is a corner Lagrangian involving the boundary geometry

= lim {——,/_7 } Tog VO iy k9.

p—0
Then the renormalized symplectic term is
~ 1. .
B ren = V/—h(0) <_§ Tish + J’5K,(°)) ,
where

Ti=Ti4 2 hgo)v(o)J KO =k — %8,- In v/ —h()
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Link with the Bondi gauge

In the Bondi gauge the metric is given by
ds? = % P du? —2e* dudr + r? €% (d¢ — U du)?
In the fluid/gravity derivative expansion (DE)
ds? = 2¢? uudx* (dr + rA,,dx”)+r2guudx”dx”+87rg€4uﬂdx” (eup,dx” + x * u,dx")

Bondi gauge as a sub-gauge of the DE: uy =0

— constraint for definite gauge fixing

— identification between the DE and Bondi solution spaces [Ciambelli-Marteau-Petropoulos-

Ruzziconi '20]
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Covariant Bondi gauge in AdS: residual symmetries

e Asymptotic Killing vectors: [Ciambelli-Marteau-Petropoulos-Ruzziconi '20]

1 1 Y . AnG
v = <§M_En*uﬂ) Ou + <r0+ﬁ(*u o,n+© 77)+Exa7> o

— bdy diffeomorphisms £#(x), Weyl rescalings o(x) and Lorentz boosts 7(x)

Oeomu=Leutoutnu, Ogqn*u=Le*uto*utnu

where
Oe,0m8uv = Leuv +20 guv

u'\  [coshn sinhn u
xu’ /] \sinhnp coshn) \xu

e Question: What are the asymptotic symmetries?

and
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Covariant Bondi gauge in AdS: symplectic structure

e Einstein—Hilbert presymplectic potential: [Iyer-Wald '94]

V=G
Okn[G;0G] = 3G [VN§Gpy GPM — VM5Gpy GPV] emgs dx9 A dx®

Radial divergences: need for renormalization

OL[G; 9G] = O +rOu) + () + O (r )
Ambiguous definition:

Oen[G;dG] = Oen[G;dG] + 6 Z[G] — dY][G;6G]

e Choices of prescription:

i. same results as obtained in FFG [de Haro-Solodukhin-Skenderis (2000)]

ii. presymplectic potential that remains finite in the flat-space limit
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Covariant Bondi gauge in AdS: symplectic structure

e Einstein—Hilbert presymplectic potential: [lyer-Wald '94]

V=G
Okn[G; 0G] = 3G [VN§Gpy GPM — VM5Gpy GPV] emgs dx9 A dx®

Radial divergences: need for renormalization

OL[Gi6G] = r? Oy + rOuy + O + O (rY)
Ambiguous definition:

Ocen[G;dG] = Oen[G;dG] + 6 Z[G] — dY][G;0G]

e Choices of prescription:

i. samerestults-as-ebtainedinFFG [de Haro-Solodukhin-Skenderis (2000)]

ii. presymplectic potential that remains finite in the flat-space limit
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Covariant Bondi gauge in AdS: surface charges

e Conformal gauge: conformally flat bdy metric (x= = ¢ + k )
ds® = e*? dxtdx~

Parametrization of the Cartan frame: (p = o(x",x7), ( =((x",x7))

u= —g e¥ (eC dxt —e=¢ dx‘) ; *U = ge“’ (eC dxt +e7¢ dx‘)

e Charges associated with the Weyl-Lorentz symmetries: (4, = @, 0,( = h)

Qe = g [ 96 (nto- ~9,)¢)

— integrable and non-conserved: Lorentz is anomalous, Weyl is pure gauge
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Covariant Bondi gauge in AdS: anomalies

e Anomaly in the Lorentz symmetry in the dual theory (F.. = 0,A, —8,A,)

o= [ (1) Voo

— flat limit: yes

e If we choose the first prescription — anomaly in the Weyl symmetry in the
dual theory [Alessio-Barnich-Ciambelli-Mao-Ruzziconi '20]

5’077 Sw / 0O —— VO|3M
— flat limit: no

e Displacement of the anomaly: two different representatives in the same
cohomology class — BRST formulation [Ciambelli-Leigh-Jia (to appear)]
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Recall of relevant aspects of the Fefferman—Graham gauge

Variation of the on-shell action: [de Haro-Solodukhin-Skenderis (2000)]

0S = %/Dx\/—g TH g
9

The bulk metric induces a conformal class of metrics on the boundary: the boundary
metric should be understood as a representative. Moving from one representative
to another is not innocuous: [Alessio-Barnich-Ciambelli-Mao-Ruzziconi (2020)].

Evaluation of the on-shell action on a bulk diffeomorphism:

de,)S ~ c/zx —goR.
7]
A Cartan frame could be introduced in the FFG gauge:
g = 2 (—upuy + *uy, *u).

However, the variation of the action would remain sensitive to the energy—momentum
tensor and to the metric variation, but not separately to du and §xu.
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Boundary energy—momentum tensor

Brown—York energy—momentum tensor: [Campoleoni-Ciambelli-Marteau-Petropoulos-Siampos '19]

1

T;w = ﬂ (T;w + Tuu) ’

where

~ R
T:%(u2+*u2)+% (u*u+*uu)+—*u2,

2 8rtGk?
o1 (u"9,0 + xutd, 6*—k—R)(u2+*u2) #u"9,0 (u*u + *uu)
87 Gk* 2 47 Gk4
such that R
(24 — © =
VT 0, T 167Gk

These equations can be spelled in terms of €, x, and the Cartan frame as

ut (8, +2A,) e = —xu" (0, +2A,) (X— %) )

ut (0, +2A,) x = —xu" (0, +2A,)¢.
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Anomalous holographic Ward identities — AdS

Variation of the on-shell action:

0S = d>xy/—g (J* Suy, + JH 5xu,,),
oM

where the couple of currents

1
lt:_ THy, B(O2 _ O*2 uv *
J pE 167rngu(@ 0% — o gk35 0,0
1
_ THY w 2 *2 1%
= Tk = e ' (©7 O )+8gk35 9,0.

— Role analogous to the energy—momentum tensor in the FFG gauge
Tk, = JFu, + I xu, .
— Holographic Ward identities: [Bertimann '96]

1 1
pv [
87rng A, gr,=0,

VT =~
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Holographic renormalization 1/4

The conformal boundary being at r — oo, we focus on the r-component of the
Einstein—Hilbert presymplectic potential in this limit:

OUG:6G] =20 +rn) + O + O () .

where, in terms of boundary data, we have

k
Op) = “8G (6In \/—g) Volga ,

1 i(©v—g)
%m = 167Gk {_2 V-8 Vu5u“] Voloat

1 y 1 1 )
@(0) = (5 T+ ngw + W(S(\/—gs) + mé [\/__g(e2 _0e 2)]
1
B 167rgk\/—_ (V-8R + 513 S gk3 V(60 u")

1
~tergis Vi 5" *u”)]) Volp:
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Holographic renormalization 2/4

This potential diverges, but both divergent terms are pure-ambiguity:
Oren[G; 6G] = ©Y)[G; 6G] + 6Z[G] — Y[G;6G],
where Z and Y have their own large-r expansions
ZIGl=r*Zpy+rZay+ Zoy,  YI[Gi6G]=r Yy + Yo
whose divergent pieces are

k 1 1
8rG 8 Gk 16w Gk

At this stage, a choice is expected for the zeroth order of the ambiguities.

2(2) VolaM ) Z(l) @VoIaM ; Y(l) = oux" .

The two choices that we propose are

& o S(xu~0*) u B e  ©2-0"+k°R
YO = ~grgid ( 00 - T) R T e a AL
S * o *
Yo = 167G K3 (0 %u™ O —*u™ 00")dx", Zyg) = —ﬂVolaM
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Holographic renormalization 3/4

Weyl. This renormalized presymplectic potential matches that obtained in the FFG
gauge [de Haro-Solodukhin-Skenderis (2000)]

1 1
WIG; 6G]|3M T’“’(SgWVolaM e T“”( — uy duy, + *xu, o *u,,)VoIaM .
It vanishes also for milder boundary conditions, since it is proportional to the varia-
tion of the boundary metric, meaning that one has to fix the Cartan frame only up
to Lorentz transformations.

Lorentz. The prescription leads to the renormalized presymplectic potential

ren

1l G 6G] |0 = (I Oy + 6 %) Voloa

ren

where we have introduced the currents

1 1 1
[ ny L(O2 _ O*2\ _ ny *
J e T u,,+—16ﬂ_gk5u ( ) 87rgk3€ 0,0",
1 1 1
— i . L2 _ o*2 Nz
S = g T = g+ (60— ©7) 4 s £0,0.

A milder condition can be imposed to get stationarity of the action: this time it is
the conformal class of the Cartan frame that needs to be fixed.
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Holographic renormalization 4 /4

AdS. Renormalized presymplectic 2-form of the second prescription:

Wl ong = \/_<6(\/_J“)/\(5uu+6(\/_J“)/\6*UM)V0|3M

1 o(v/—g ut) 3(y/—g *ut) .
ren}a 87Tgk3vﬂ|: \/__g /\(56—7/\5@:|V0|3M,

where

1 17
ren’aM 2\/__g5(\/—g T+ ) A(SgMVVObM.
It is this corner term that renders the presymplectic form finite in the kK — 0 limit.
Flat. Flat limit of the renormalized presymplectic current:
wnlom = lignoerenbM =97 (5(91“) Ny, + (2 1) A 5Mu)V0|aM 7
where the density is
v—E&

= Hv *| =i _—
7 =" | = Jim ==
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Anomalous holographic Ward identities — flat

Flat limit of the renormalized presymplectic potential:
0%,[G; 6G]lom = lim @};n[c;écnw (* Oty + 2 Ops )volo

where the couple of currents

1 1
_j—|lmk3J——€’U+8 G v F,

1 1
fim k2] -t L
—i@ok J*—26’U*—|-204U.

— Carrollian energy—momentum tensor:
thy, = lim kT*, = j* u, + 8w .
k—0
— Holographic Ward identities: (D, t", = lim, .oV, 7",)

Dt“l,:—— th, =0, thop, v’ = -
" SQ}— v A u=0 My, v 8:G
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Chern-Simons formulation

The isometry algebra of AdSs, i.e. the algebra s0(2,2), reads:
[Mg, Mc] = egcpMP,  [Mg, Pc] = egcpPP,  [Ps, Pcl = (k G)* egcpMP,
We introduce a differential one-form, valued in this algebra:
1 B B N
o=z (EN Pg + wy MB) dxV.
Up to bdy terms, one can rewrite the three-dimensional Einstein—Hilbert action:

SEHZL Tr(ﬂ/\dﬂfﬁ-gﬂf/\%/\%),
167 3

TF(MBMc):Tr(ngc):O, Tr(Mspc):mgc.
For k # 0 one can take advantage of 50(2,2) = sl(2,R) @ sl(2,R):

Sen = Scs[A] — Scs[A],
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Chern=Simons formulation: AdS charges 1/2

We choose the sl(2, R) basis
[Jm, In] = (m —n) Imin, m,ne {-1,0,1},

and implement the radial dependence of the connection A as a gauge transformation:

A(xT,x7,r) = b7H(r) au(xT,x7) b(r)dx* + b~*(r), b(r)dr,
with b(r) suitable SL(2,R) group element
b(r) =exp(rkJ_q) .
Then we have for the first gauge copy

ar =T —emPrO (1, — (04502 +32¢) Jo1 + 01(9 — Q) Jo s
a.=—e 9,0 1+ (e+0)h.
The parameters of the gauge transformations, dA = dA + [A, /], are
+1
Axt,x,r)=b71(r) ( > e'"(x+,x_)Jm> b(r).
m=—1
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Chern=Simons formulation: AdS charges 2/2

The associated surface charges are obtained by integrating, if possible, the following
variations calculated at fixed value of the coordinate u:

2 1 2w

SQ[N] = — dp Tr[A6Ay] = ~8nGk ), d¢ Tr [bAb~* (Jay +6a_)],

87Tgk 0

— the radial coordinate is gauge out = no radial divergences

The total surface charges are then

1

- o 2
Qi Al = QIN = QI =~z [ dofes v+ — v +2¢ (0. - 0) ).

which are identical to those obtained in the metric formulation.
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Chern=Simons formulation: flat charges

We choose the iso(1,2) basis (m,n € {-1,0,1})
[MmaMn]:(m_n)Mm+n7 [vapn]:(m_n)Pm+na [va'Dn]:O?

and we obtain the foIIowing CS connection:

@ @
a4 = eﬁ (471'G€0 S (u8) + 0,068) My — (90 — ,8) Mo — % M_y
® e—®
e\/g Pat s (476 (a0 — uBye0) — 26 + 0,804

+ g (87Geo — (8uB)* + 23u3¢5)) Pr,

ay —

-
eﬁ [855 My — (47TG60 - —( WB)? + 0,043 — ﬁfﬁﬂ) }

Oy M egGP
— 0up Mo+ —= P_1.
RV A

The total surface charges are then

27
5Qm[/\]:/0 d¢[ (H 2o — Y da0) + 4ga héﬁ]
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Chern=Simons formulation: boundary term

AdS. One can choose a different boundary term such that

~ 1 ) ~ -
AA] = d T(AUA —AUA),
Stot[ ] SEH + 167rgk/ x Ir 1) 1)
and its on-shell variation gives

S0t [AA] = ﬁ/(sce—% 0,0_C Volgag -

It corresponds to the “Lorentz” presymplectic potential in conformal gauge.
Flat. In the flat limit, the bdy term to be added is
1
dey[%] = % /d2X TI’(JZ@ «Q{u)
and the on-shell variation of the total action is
1
55tot[d] = 5SEH[J37] + 5dey[,§27] = —% /5ﬁ e 2% 835 volgag .

It corresponds to the “Carroll-boost” presymplectic potential in conformal gauge.
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Asymptotic symmetry algebra

The charges generate global symmetries when acting on a generic functional F of
the phase space as 5(/\ 7\)F = { Qut [\, A], F.

AdS. The non-vanishing brackets are (¢ = %)

[ {L;)t» L;t p q) Lp+q 12 p3 6P+q,0 )

i{Zpq, Zrs} = — 3 (r — g)e”klata Optrqts -

Flat. The non-vanishing brackets are (cpy =

)

Qlw

i{Yp, Yq} = (P - q) Yp+q’
. m
'{Ypa Tq} = (P - q) Tprq + 1 P3 5p+q,0 )
. ¢ i
i{Bpg, Brs} = _?M (r—q) eZilatsu Op+r,g+s -
Arnaud DELFANTE (UMONS)
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