
BMS algebra in 3d and 4d BF theory

Christophe Goeller

based on 2011.09873 (with Marc Geiller and Nelson Merino), 2012.05263 (with Marc Geiller),

to-be-published in the following weeks (with Marc Geiller, Florian Girelli and Peter Tsimiklis)

15, September 2022

Second Carroll workshop, Mons



Introduction

Symmetries are a centerpiece in understanding (gauge) theories with boundaries

→ What are the fundamental degrees of freedom/new physics arising at the boundary?

Not so simple model: 4D gravity.

• Can be understood as a BF theory with additional constraint: Plebaǹski formulation

Buffenoir, Henneaux, Plebaǹski, Noui, Roche...

• I will focus on 4D BF theory instead of gravity.

Simple model: 3D gravity. Topological but not trivial theory!

• Lots of interesting features: black hole, coupling to point particle, massive gravity, relation to

quantum groups, rather well-understood quantization...

Bañados, Carlip, Deser, Freidel, Girelli, Jackiw, Noui, Ponzano, Regge, Teitelboim, Witten, Zanelli...

• I will be interested in the BF formulation of 3D gravity.

Structure of the boundary symmetry algebra?

at finite distance and without imposing anything on the fields
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• I will focus on 4D BF theory instead of gravity.

Simple model: 3D gravity. Topological but not trivial theory!

• Lots of interesting features: black hole, coupling to point particle, massive gravity, relation to

quantum groups, rather well-understood quantization...
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Buffenoir, Henneaux, Plebaǹski, Noui, Roche...

• I will focus on 4D BF theory instead of gravity.

Simple model: 3D gravity. Topological but not trivial theory!

• Lots of interesting features: black hole, coupling to point particle, massive gravity, relation to

quantum groups, rather well-understood quantization...
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Gravity as a 3D BF theory

• Theory of first order gravity with Lie algebra (su(2)) valued

triad 1-form e and connection 1-form ω with curvature F [ω] = dω +
1

2
[ω ∧ ω]

• The Lagrangian reads

L[e, ω] := 2e ∧ F + λ
3 e ∧ [e ∧ e]

Variation of the Lagrangian?

δL = d
(
2δω ∧ e

)
+ δe ∧

(
2F + λ[e ∧ e]

)
+ 2δω ∧ dωe

2F + λ[e ∧ e] =̂ 0

dωe =̂ 0

2R =̂ − λ[e ∧ e]
on-shell of torsion

equation: ω =̂ Γ
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Gravity as a 3D BF theory

• What about the symmetries?

Lorentz transfo δjα, α any Lie element

δjαe := [e, α] and δjαω := dωα

”Translation” transfo, δtφ, φ any Lie element

δtφe := dωφ and δtφω := λ[e, φ]

• The underlying algebraic structure is the 6-dimensional algebra

[Ji, Tj ] = ϵij
kTk [Ji, Jj ] = ϵij

kJk [Ti, Tj ] = −λϵij
kJk

• By its very definition, the theory is also invariant under diffeomorphism, more on that in a

minute

δdξ (e, ω) := Lξ(e, ω)

• Charges via the covariant phase space formalism, we need the symplectic structure

Ω = −2
∫
Σ
δω ∧ δe
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Fundamental symmetry algebra of 3D BF

• From the general formula in the covariant phase space formalism, we can easily deduce the

Lorentz and translation perhaps-not-integrable charges

/δJ (α) =̂

∮
S

α δe and /δT (φ) =̂

∮
S

φ δω

Integrability without conditions on the fields

α and φ do not depend on the fields: δα = δφ = 0

These conditions give the charges

J (α) =̂

∫
S

αe and T (φ) =̂

∫
S

φω

associated to the 6-dimensional algebra

{
J (α), T (φ)

}
= T ([α,φ])− 2

∮
S
αdφ{

J (α),J (β)
}
= J ([α, β]){

T (φ), T (χ)
}
= −λJ ([φ, χ])
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About diffeomorphisms?

• Talking about diffeomorphisms, we think Lie derivatives

δdξ (e, ω) := Lξ(e, ω)

• They can also be understood as field-dependent gauge transformations

δdξ e =
(
δjξ⌟ω + δtξ⌟ e

)
e+ ξ⌟ dωe δdξω =

(
δjξ⌟ω + δtξ⌟ e

)
ω +

1

2
ξ⌟ (2Fe− λ[e ∧ e])

The diffeo charge is generally not integrable, even with δξ = 0

/δD(ξ) =̂

∮
S

δ (2(ξ⌟ω)e)− ξ⌟ θ = /δJ (ξ⌟ω) + /δT (ξ⌟ e)

Integrability without conditions on the fields

ξ = (0, 0, ξφ) is a tangent vector to S

and the one-dimensional algebra of diffeo is{
D(ξ),D(ζ)

}
= −D([ξ, ζ])
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BMS in 3D BF theory

Let’s forget about the Lie derivative. Diffeo (with δξ = 0) are ”just” particular generators

of the sub-algebra of quadratic charges within the envelopping algebra of (J , T )

D(ξ) = J (ξ⌟ω) + T (ξ⌟ e)

• What is the most general quadratic charge one can consider?

/δH(ξ) = a/δJ (ξ⌟ω) + b/δJ (ξ⌟ e) + c/δT (ξ⌟ω) + d/δT (ξ⌟ e)

→ (a, b, c, d) such that /δH(ξ) = δH(ξ) and the corresponding algebra is closed

D∗(ξ) = −λJ (ξ⌟ e) + T (ξ⌟ω) with action δd
∗

ξ e = Lξω , δd
∗

ξ ω = −λLξe

Their algebra is

witt⊕witt centreless bms3

{
D(ξ),D(ζ)

}
= −D([ξ, ζ]){

D∗(ξ),D(ζ)
}
= −D∗([ξ, ζ]){

D∗(ξ),D∗(ζ)
}
= −λD([ξ, ζ])

{
D(ξ),D(ζ)

}
= −D([ξ, ζ]){

D∗(ξ),D(ζ)
}
= −D∗([ξ, ζ]){

D∗(ξ),D∗(ζ)
}
= 0

λ → 0
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4D BF theory

• 4D BF theory
L = ⟨B ∧ F⟩ − κ⟨B ∧ B⟩

with Lie algebra valued 2-form B and connection 1-form A

• What about the symmetries?

Lorentz transfo δjα, α any Lie element

δjαB = [B, α] and δjαA = dAα

Translation transfo, δtφ, φ any Lie valued 1-form

δtφB = dAφ and δtφA = 2κφ

• Charges?

/δJ (α) =

∮
S

⟨α, δB⟩ and /δT (φ) = −
∮
S

⟨φ ∧ δA⟩

• Diffeos are again field-dependent gauge transformations

/δD(ξ) = /δJ (ξ⌟A) + /δT (ξ⌟B) , {D(ξ),D(ζ)} = −D([ξ, ζ])

• A and B are forms of different degrees! We cannot “swap” the argument of (J , T ) as in 3d
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BMS like structure in 4D BF?

• “(boost+rotation)” decomposition of g = so(4), so(3, 1), so(2, 2), iso(2, 1), iso(3)

[Ji, Jj ] = ϵij
kJk , [Pi, Pj ] = λϵij

kJk , [Ji, Pj ] = ϵij
kPk

with pairings ⟨Pi, Jj⟩ = µ1ηij , ⟨Pi, Pj⟩ = µ2ληij , ⟨Ji, Jj⟩ = µ2ηij

• Fields decomposition A = Ai
1Ji +Ai

2Pi and B = Bi
1Ji +Bi

2Pi

• Charges?

/δJ1(α1) =

∮
S

α1δB1 /δJ2(α2) =

∮
S

α2δB2 /δT1(φ1) =

∮
S

φ1 ∧ δA1 /δT2(φ2) = −
∮
S

φ2 ∧ δA2
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• What about diffeos/quadratic charges
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→ (a, b, c, d, e, f, g, h) such that /δH(ξ) = δH(ξ) and the corresponding algebra is closed?
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Conclusion

{
D(ξ),D(ζ)

}
= −D([ξ, ζ]){

D∗(ξ),D(ζ)
}
= −D∗([ξ, ζ]){

D∗(ξ),D∗(ζ)
}
= −λD([ξ, ζ])

{
D(ξ),D(ζ)

}
= −D([ξ, ζ]){

D∗(ξ),D(ζ)
}
= −D∗([ξ, ζ]){

D∗(ξ),D∗(ζ)
}
= 0

λ → 0

• Obtained without any choice for the boundary and conditions on the fields

• Central charges?

→ in 3d: construction can be understood via a classical Sugawara construction. Central

charges can be obtained using a twisted Sugawara construction

→ in 4d: not so clear..

• Additional relations between the choice of gauge group and the algebra of quadratics?

• What about higher-order charges? Relation to WN algebra (in 3d)?

• 4D gravity: BF theory + constraints (Plebański formulation). Understanding constraints at

the level of symmetry algebra and holographic theory reconstruction.

Thank you for your attention!
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