BMS algebra in 3d and 4d BF theory

Christophe Goeller

based on 2011.09873 (with Marc Geiller and Nelson Merino), 2012.05263 (with Marc Geiller),
to-be-published in the following weeks (with Marc Geiller, Florian Girelli and Peter Tsimiklis)

15, September 2022

Second Carroll workshop, Mons

Unterstiitzt von / Supported by

7 / e

LMU |
Alexander von Humboldt
Stiftung/Foundation




Introduction

[Symmetries are a centerpiece in understanding (gauge) theories with boundariesj

— What are the fundamental degrees of freedom/new physics arising at the boundary?
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— What are the fundamental degrees of freedom/new physics arising at the boundary?

Not so simple model: 4D gravity.

® Can be understood as a BF theory with additional constraint: Plebanski formulation

e | will focus on 4D BF theory instead of gravity.
Simple model: 3D gravity. Topological but not trivial theory!

® Lots of interesting features: black hole, coupling to point particle, massive gravity, relation to
quantum groups, rather well-understood quantization...

® [ will be interested in the BF formulation of 3D gravity.

Structure of the boundary symmetry algebra?
at finite distance and without imposing anything on the fields
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Gravity as a 3D BF theory

® Theory of first order gravity with Lie algebra (su(2)) valued

1
triad 1-form e and connection 1-form w with curvature Flw] = dw + 3 [w A W]

® The Lagrangian reads

[L[e,w} =2eAF+3enfen e]j

Variation of the Lagrangian?

oL:d(Qo‘wAc)weA( )+25wA

on-shell of torsion

>

2R

A 4

- - — ANeAe]
equation: w=T
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Gravity as a 3D BF theory

® What about the symmetries?

Lorentz transfo &7

ar

a any Lie element

[ﬂe =le,a] and Flw:= duaj

" Translation” transfo, 6:;, ¢ any Lie element

[5;6 =dup and  GLw = Ne, cp]]
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Gravity as a 3D BF theory

® What about the symmetries?

Lorentz transfo &7

ar

a any Lie element " Translation” transfo, &7, ¢ any Lie element

[5&6 =le,a] and Flw:= duaj [(5;6 =dyp and  dLw = A, cp]]

® The underlying algebraic structure is the 6-dimensional algebra

i Tyl =" T [JiJj) = "I [T, Ty = = e Ji

® By its very definition, the theory is also invariant under diffecomorphism, more on that in a
minute
d .
0 (e,w) = Le(e,w)

® Charges via the covariant phase space formalism, we need the symplectic structure
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Fundamental symmetry algebra of 3D BF

® From the general formula in the covariant phase space formalism, we can easily deduce the
Lorentz and translation perhaps-not-integrable charges

6J(a)éfsaée and 5T(¢)£7{S¢5w
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Fundamental symmetry algebra of 3D BF

® From the general formula in the covariant phase space formalism, we can easily deduce the
Lorentz and translation perhaps-not-integrable charges

6J(Q)££a6€ and 5T(¢)£7£¢5w

Integrability without conditions on the fields

[a and ¢ do not depend on the fields: dav = dp = Oj

These conditions give the charges

J(a)é/sae and T(Lp)ﬁ/sgow

associated to the 6-dimensional algebra

T ([, ¢]) — 2 §5 ade
A [a ﬂ]

{ (), T (¢
{ (@), J(8
T(p), T(

)

)}
)}
)}

X
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About diffeomorphisms?

® Talking about diffeomorphisms, we think Lie derivatives

Jg(e, w) = Le¢(e,w)



About diffeomorphisms?

® Talking about diffeomorphisms, we think Lie derivatives
6?(6,0.}) = Le(e,w)
® They can also be understood as field-dependent gauge transformations

ste= (6L, +0L.)e+Eodue 0w = (o]

Eow

+ 5;6) w+ %@ (2Fe¢ — Ae Ae])
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About diffeomorphisms?

® Talking about diffeomorphisms, we think Lie derivatives
6?(6,0.}) = Le(e,w)
® They can also be understood as field-dependent gauge transformations

ste = (o

Eaw

+(5tn) e+ &adge 5gw = (5'7

Eow

1
+ 5;6) W+ 5€1(2Fe = AeAe])
The diffeo charge is generally not integrable, even with 6 =0
IDIO= § 8 (2A¢)e) - 0= T(E0) + 4T(E0)
s

Integrability without conditions on the fields

[5 = (0,0,&%) is a tangent vector to S}

and the one-dimensional algebra of diffeo is

({P©). D)} =D& <) |
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BMS in 3D BF theory

Let's forget about the Lie derivative. Diffeo (with §¢ = 0) are "just” particular generators
of the sub-algebra of quadratic charges within the envelopping algebra of (J,T)

D(§) = J(§aw) + T(ae)
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Let's forget about the Lie derivative. Diffeo (with §¢ = 0) are "just” particular generators
of the sub-algebra of quadratic charges within the envelopping algebra of (J,T)

D(§) = T (§aw) + T (Ese)
® What is the most general quadratic charge one can consider?

FH(E) = af T (Eow) +bJT (Eue) + fT (Eow) + dFT (Eue)

— (a,b,¢,d) such that §H(€) = §H(€) and the corresponding algebra is closed

[ *(€) = AT (Eue) + T(wa)] with action 52’*6 =Lew, 521*0.1 =—ALlee

Their algebra is

{P(©), D)} = -D(&, <)) \ \ {D(),D(¢)} = -D(€, ¢))
{D*(&), D(Q)} = —D*([&, <)) sy~ {D*(&), D¢ }—*D*([,C])
{D*(£),D*(¢)} = —AD(£,¢)) \ \{D* (6, D*()} =0

toitt @ roitt

centreless bmss
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4D BF theory

® 4D BF theory L=(BAF)—x(BAB)

with Lie algebra valued 2-form B and connection 1-form A

® What about the symmetries?

Lorentz transfo 87, o any Lie element Translation transfo, 6%, ¢ any Lie valued 1-form
[5&3 —[B,a] and lA=d Aa] [63,6 —dap and  GLA= mo]
® Charges?

§7(0) = 72 (@.68) and  §T(g) = - fs (o A 5A)
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4D BF theory

® 4D BF theory L=(BAF)—x(BAB)

with Lie algebra valued 2-form B and connection 1-form A

® What about the symmetries?

Lorentz transfo 87, o any Lie element Translation transfo, 6%, ¢ any Lie valued 1-form
[5&3 —[B,a] and lA=d Aa] [65,6 —dap and  GLA= 254,0]
® Charges?

§7(a) = fs (@,08)  and  §T(e) = — ]{S (o A SA)

e Diffeos are again field-dependent gauge transformations

#D(E) =T (€2 A) +T(2B) . {D(€),D(O)} = -D(¢.<])

® A and B are forms of different degrees! We cannot “swap” the argument of (J,7) as in 3d
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BMS like structure in 4D BF?
® “(boost+rotation)” decomposition of g = s0(4), s0(3,1), s0(2,2), is0(2,1), iso(3)
(i, Jj] = "Ik, [Pi, Pj] = Xei" Ji [Ji, Pj] = €i" Py

with pairings (P, J;) = puanij » (P, P;j) = paAnyj (Ji, Jj) = pom;
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BMS like structure in 4D BF?

® “(boost+rotation)” decomposition of g = s0(4), s0(3,1), s0(2,2), is0(2,1), iso(3)
(i, Jj] = " Ik, [Pi, Pj] = Xei" Ji [Ji, Pj] = €i" Py
with pairings (P, J;) = pimij (P, P;j) = paAnj (Jir Jj) = pon;
® TFields decomposition A = A% J; + ALP; and B = BiJ,+ BiP;

® Charges?

) =

a10B1 §Ja(as) = 7{ 0By #Ti(p1) = f V1ASAL FTa(p2) = —% w2 NOAy
s s s s

® What about diffeos/quadratic charges

FH(E) =aT1 (€1 AL) +bT2(E0 Ag) + eTi (€1 By) + fTa(61 Ba)
+ le(fJAQ) + djg(sz‘h) + 97-1(54 Bz) + h'E(f_l Bl)

— (a,b,¢,d,e, f,g,h) such that FH (&) = §H(£) and the corresponding algebra is closed?
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BMS like structure in 4D BF?
® “(boost+rotation)” decomposition of g = s0(4), s0(3,1), s0(2,2), is0(2,1), iso(3)
Ui i) =" Je . [PuPl=Xeii" Ik, [, Pj] = " Py
with pairings (P, J;) = puanij » (P, Pj) = paAnj (Ji, Jj) = pom;
® Fields decomposition A = A%J; + AL P; and B=BiJ;+ BiP,
® Charges?

§T (o) = %5”1551 FTo() = ]{9(12532 T (p1) = }isﬁ NSA1L  $Ta(p2) = —}é@z/\&‘lz

‘D(é) =J1(6sA) + J2(62C) + Ti(§2B) + T2(62%) ‘
D*(€) = A\J1(§2C) + Ja(§5 A) + AT1 (€0 %) + T2(€4 B)

{D(&), D)} = -D(&,¢)) \ \ {D(&), D)} = -D([£,¢))
{D*(€),D(Q)} = —D*([&,¢) o PO DO} = =D (1)
{D*(6),D*(¢)} = —AD([, <)) \ \{D*(f),D*(c)}:o
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Conclusion

{P©), D)} = -D([&,)) \ \ {D(©),D(Q)} = -D([¢,<))
{D*(€),D(Q)} = —D* (&, <)) ——— {D"O.D(O} = D" ([£.)
[D(6).D*(O)} = ~AD((e.q]) | |{(D"(©.D"(O)} =0

® Obtained without any choice for the boundary and conditions on the fields

® Central charges?

— in 3d: construction can be understood via a classical Sugawara construction. Central
charges can be obtained using a twisted Sugawara construction
— in 4d: not so clear..

® Additional relations between the choice of gauge group and the algebra of quadratics?
e What about higher-order charges? Relation to Wy algebra (in 3d)?

® 4D gravity: BF theory + constraints (Plebariski formulation). Understanding constraints at
the level of symmetry algebra and holographic theory reconstruction.
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® 4D gravity: BF theory + constraints (Plebariski formulation). Understanding constraints at
the level of symmetry algebra and holographic theory reconstruction.

[Thank you for your attentionl}
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