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Motivations

Find explicit actions for conformal Carroll theories

Conformal Carroll isomorphic to BMS
Few examples of flat space candidate dual field theories
Include local Carroll boost symmetry

Use a small c expansion to build the Carroll equivalent of

S = −1

2

∫
ddx
√
−g
[
gµν∂µφ∂νφ+

(d− 2)

4(d− 1)
Rφ2

]
(1)

[Gupta, Suryanarayana, 2020][Bagchi, Banerjee, Dutta, Kolekar, Sharma,
2022][Rivera-Betancour, Vilatte, 2022][Saha, 2022]
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Carroll geometry

Carroll symmetry

Lorentz boosts
t→ t+ βx , x→ x+ βt (2)

Carroll boosts (c→ 0 limit) [Levi-Leblond, 1965][Sen Gupta, 1966]

t→ t+ λx , x→ x (3)

Boost Ward identity implies [Henneaux, Salgado-Rebodello, 2021][De Boer,
Hartong, Obers, Sybesma, Vandoren, 2021]

〈φ(t, x)φ(0, 0)〉 =

{
f(t)δ(x) timelike

g(x) spacelike
(4)
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Carroll geometry

Carroll geometry

Geometry defined by a timelike vector field vµ and a spatial metric hµν
[Duval, Gibbons, Horvathy, Zhang, 2014][Hartong, 2015][Ciambelli, Marteau,
Petkou, Petroupoulos, Siampos, 2018][Hansen, Obers, Oling, SØgaard, 2021]
Complemented with τµ and hµν transforming under local boosts

vµhµν = 0, τµh
µν = 0, vµτµ = −1, hµρhρν = δµν + vµτν (5)

Extrinsic curvature and acceleration

Kµν = −1

2
Lvhµν , aµ = 2vρ∂[µτρ] (6)
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Carroll geometry

Connection satisfying ∇̃µvν = 0 and ∇̃ρhµν = 0
[Bekaert, Morand, 2015][Hartong, 2015]

Γ̃ρµν = −vρ∂(µτν) − vρτ(µLvτν) +
1

2
hρσ (∂µhνσ + ∂νhσµ − ∂σhµν)− hρστνKµσ

Energy-momentum tensor

T vµ ≡ −
1

e

δS

δvµ
, Thµν ≡ −

2

e

δS

δhµν
, e = det(τµ, hµν) (7)

Boost-invariant combination [Hartong, Kiritsis, Obers, 2014]

Tµν = −vµT vν − hµρThρν (8)

Ward identities
Weyl

Tµµ = 0 (9)

Boost (in adapted coordinates (t, xi))

T i0 = 0 (10)
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Carroll geometry

Pre-ultra local parametrization of the geometry

Get Carroll geometry from c→ 0 expansion of Lorentzian geometry (method
based on [Hansen, Hartong, Obers, 2020][Hansen, Obers, Oling, SØgaard, 2021])

gµν = −c2TµTν + Πµν , gµν = − 1

c2
V µV ν + Πµν (11)

Carroll geometry appears at leading order in the expansion

V µ = vµ +O(c2), Πµν = hµν +O(c2)

Tµ = τµ +O(c2) , Πµν = hµν +O(c2)
(12)

Carroll connection from expansion of Levi-Civita connection compatible with gµν
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Conformal Carroll actions

Conformal Carroll actions
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Conformal Carroll actions

Pre-ultra local parametrization of the action

Relativistic scalar with conformal coupling

S = −1

2

∫
ddx
√
−g
[
gµν∂µφ∂νφ+

(d− 2)

4(d− 1)
Rφ2

]
(13)

Perform the pre-ultra local parametrization

S = − c
2

∫
ddxE

[(
− 1

c2
V µV ν + Πµν

)
∂µφ∂νφ

+
(d− 2)

4(d− 1)

(
1

c2
[
KµνKµν +K2 − 2V µ∂µK

]
(14)

+ΠµνR̃µν − ∇̃µ(V νΠµρTνρ) +
c2

4
ΠµνΠρσTµρTνσ

)
φ2

]

No expansion yet!
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Conformal Carroll actions

Timelike action

In the Carroll limit c→ 0, leading order terms give timelike action

St = −1

2

∫
ddx e

[
−(vµ∂µφ)2 +

(d− 2)

4(d− 1)

(
KµνKµν +K2 − 2vρ∂ρK

)
φ2
]

(15)

Flat space propagator ∼ |t| δ(~x) of timelike form

Symmetries:
Diffeomorphisms
Weyl transformations
Local Carroll boosts

Energy-momentum tensor satisfies

T i0 = 0 , Tµµ = 0 (16)
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Conformal Carroll actions

Spacelike action

Alternative c→ 0 limit using Lagrange multipliers gives spacelike action

Ss = −1

2

∫
ddxe

[
hµν∂µφ∂νφ+

(d− 2)

4(d− 1)

(
hµνR̃µν − ∇̃µaµ

)
φ2 (17)

+χ

(
vµ∂µφ−

(d− 2)

2(d− 1)
Kφ

)
+ χµνKµνφ

]

Constraints ⇒ Extrinsic curvature must be pure trace

Kµν =
hµν
d− 1

K (18)

Timelike action vanishes on the constraint surface
⇒ The two actions cannot coexist at the same time!
(As opposed to [Gupta, Suryanarayana, 2020] [Rivera-Betancour, Vilatte, 2022])
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Conformal Carroll actions

Properties of the spacelike action

Symmetries (crucial to use constraints!):
Diffeomorphisms
Weyl transformations
Local Carroll boosts

Energy-momentum tensor satisfies

T i0 = 0 , Tµµ = 0 (19)
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Conformal Carroll actions

Dimensional reduction

Integrate out the constraints

Ss = −1

2

∫
dd−1x

√
h

[
hij∂iφ̂∂j φ̂+

(d− 3)

4(d− 2)
R̂φ̂2+

1

4(d− 1)(d− 2)
A−2R̂A−2hij

φ̂2

]

A ≡
∫
v

dτ , φ̂ ≡ A1/2φ (20)

R̂ Ricci scalar of Levi-Civita connection compatible with hµν

Euclidean Weyl symmetry manifest!
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Conclusions and perspectives

Conclusions

Timelike and spacelike conformal Carroll scalar actions
Well-defined stress tensor satisfying

T i0 = 0 , Tµµ = 0
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Conclusions and perspectives

Future developments

Build conformal Carroll ⇔ CCFT dictionary [Donnay, Fiorucci, Herfray,
Ruzziconi, 2022][Bagchi, Banerjee, Basu, Dutta, 2022]
Explicit computation of Weyl anomalies in scalar theories
General classification of Weyl anomalies

Timelike anomalies (parity-even):
[SB, Oling, Sybesma, SØgaard, in progress][Arav, Chapman, Oz, 2014]

〈Tµµ〉 =


∅ d = 2

∅ d = 3

b1(−7Tr(K4)+ 1
3KTr(K3)+Tr(K2)(LvK)+(LvK)2)+b2(... ) d = 4

. . .
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Conclusions and perspectives

Thank you!
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